m Exercises

Evaluate the Fiemann sum for fix) = 3 — 1x, 2 = x = 14,
with sz submtervals, taking the sample pomts to be left end-
points. Explain, with the aid of a diagram, what the Fiemann
Sum represenis.

If fix) = x* — 2x 0 = x = 3, evaluate the Riemann sum with
n = 6, taking the sample points to be nght endpoints. What
does the Fiemann sum represent? lhustrate with a diagram.

L IF () = 4 — 2,1 = x = 6, find the Riemann sum with

n = 5 correct to six decimal places, taking the sample points to
be midpoints. What does the Fiemann sum represent? Illustrate
with a diagram.

. (a) Find the Riemann sum for f{x) = sin x, 0 = x = 3@/2,

with six terms, taking the sample points to be right end-
points. (Give your answer comect to six decmmal places.)
Explam what the Riemann sum represents with the aid of a
sketch

(k) Repeat part (a) with oudpoints as the sample points.

. The graph of a function f1s given. Estimate _[3'" fx) dxusing

five subintervals with (3} nght endpoints, (b) left endpoints,
and () midpoints.

B. The graph of g is shown. Estimate [*, glx) dr with six sub-
intervals using {a) nght endpomts, (k) left endpoints, and
(¢} midpoints.

73

1. A table of values of an increasing function f1s shown. Use the

table to find lower and upper estimates for |]1|: flx) d.

X 10 14 18 22 26 30

flx) —-12 —f -1 1 3 g

B. The table gives the values of a function obtained from an

expeniment. Use them to estimate |:' fx) dxusing three equal
submtervals with (3) nght endpoints, (b) left endpoints, and
(c) midpoints. If the function 15 known to be an increasing
function, can vou say whether your estimates are less than or
greater than the exact value of the integral?

flx) 34 | —21 —0.6 03 0o 14 18




SECTION 4.2 THE DEFINITE INTEGRAL o7

0-12 Use the Midpoint Eule with the given value of n to approx- 26. (3a) Find an approximation to the integral ‘I-n‘ (x* — 3x)dx
mate the integral. Found the answer to four decimal places. using a Fiemann sum with right endpoints and n = 8.
. _ - (&)} Draw a diagram hke Figure 3 to illustrate the appros-
9, IL siny/x dx, n=4 10. L eos'rdy, n=4 mation in part (z).
. ’ {c) Use Theorem 4 to evaluate [} (x* — 3x) dr.
11. {: x_‘: . dr. n=5 12. {I‘ JO+ 1de, n=6 (d} Interpret the integral in part (¢} as a difference of areas

and illustrate with a diagram like Figure 4.

- B =
13. If vou have a CAS that evaluates mmdpoint approximations 21. Prove that |5x dr =
and graphs the comesponding rectangles (use RiemannSum - -

or middlesum and middlebox commands in Maple), s b — &
check the answer to Exercize 11 and illustrate with a graph. 28. Prove that J_ X dx = 3
Then repeat with n = 10 and n = 20.
14, With 2 programmable calculator or computer (zee the 29-30 Expres.:-, 1:!1& integral as a lioit of Riemann sums. Do not
instructions for Exercise 9 in Section 4.1), compute the left evaluate the limit.
and right Riemann sums for the function fx) = x/(x + 1) e X o,
on the interval [0, 2] with n = 100. Explain why these esti- e M. |t sinvdx
mates show that
0.8946 < }*1 X = 09081 31-32 Express the integral s 2 limit of sums. Then evaluate,
v x+ 1 using a computer algebra system fo find both the sum and the
15 Use a caleulator or computer to make a table of values of Hmir.
right Fiemann sums /£, for the integral _|: sin x dv with P a0
=35, 10, 50, and 100. What valne do these rumbers appear H. | smSxdr ” | afdr
to be approachmg?
16. Use a calculator or computer to make a table of values of 33. The graph of fis shown. Evaluate each integral by infer-
left and nght Riemann sums [, and &, for the mtegral preting it in terms of areas.
_LO' W1 + x* drwnth n = 5, 10, 50, and 100. Between what two 1 ~r
numbers must the value of the integral lie? Can you make 2 (a) _l‘j flx) dx (b} _l‘j flx) dx
similar statement for the integral |° /1 + x* dr? Explain. - .
(c) |5 flx) dx (d) I.:. flx)dx
17-20 Express the lmit as a defimite integral on the grven . .
interval ¥ | |
a1l —at . ¥ = fix}
17. bm Ax [2,6 =
im 3T 26
18 lim Y " Ax [m 27] o [ 2[4 e &[4
o ] X
19. bim ¥ [5(:F)° — 457 Ax, [2.7]
== ]
- = WM. The b of g consists of two stranght lines and a senu-
2. bm ¥ ————Arx, [1.3 grapRotg = =
o= .Ei FF +4 [1.3] circle. Use it to evaluate each integral.

(a) i:gfx} dx ®) [ gle) dx (© {: g(x) dx

Z1-25 Use the form of the defimition of the integral given m

Theorem 4 to evaluate the integral _':;
2. "4 - 20 dx 2 [ —4x+2)dr N g
A (" + xde M [ x—x)dx
o ~T w0 ] F 7 9
25 ['(x' — 30 dx -
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35-40 Evaluate the integral by interpreting it in terms of areas.
2 9

zafln—xhdz 3. :L{';x—l}dx

B [ (e~ VB -r)dr

. jn'c' x— 5|dx

[ (1 + Va2 dx

34, :|-1||x|dx

41. Evahuate }.’ sin’x cosiy dx

az. Gmnﬂnrf 3x/ + & dr= 54/35 — B, what is
{Ir. Jufut + 4 du?
43, In Example 2 in Section 4.1 we mw&dfhﬂt_ﬁ“‘x" dy = é

Use this fact and the properties of integrals to evaluate
5 — 6x%) d.

84, Use the properties of integrals and the result of Example 3 to
evahate [7 (1 + 3¢%) dx

45. Use the results of Exercizes 27 and 28 and the properhies of
integrals to evaluate [} (2x* — 3x + 1) de

#6. Use the result of Exercise 27 and the fact that [ cos rdv = 1
{from Exercise 29 in Section 4.1}, together with the properties
of integrals, to evaluate [7 (2 cos x — Sx) d.

47. Write as a single integral in the form f fx) dr:

|”-1 filx)dx + {1.5 flx) dx — f " ) dx

3

48. If [ £(x) dx = 12 and [ flx) de = 3.6, find [} f(x) v

49, If [ flx) v = 37 and [ g(x) do = 16, find
J2[2A2 + 3g(x)] dx

50. Find [J flx) dxif

.I"Lr:l={3 for x < 3

x for x=3

51. For the function fwhose graph 15 shown, list the following
quantties n mereasmg order, from smallest to largest, and
explain your reasoning.

(&) [} 19 de ®) [} flx) dx
(©) [J £l dx @) [ flx) dx
(Ey £1)

¥

T
L2 f_*"f Iﬂ"-ll
i] I"._ 5 1
WNoF |

82 If Fix) = _i; f(#) dr, where f1s the function whose graph 1=
given, which of the following values 1= largest?

(a) Foy (B) F(1)
(C) F2) @) Fi3)
(Ey F4)
¥
SN =m0
\
o 1 & 3 4 ] ¢
%,
, rd
\\ ../

83, Each of the regions A, B, and  bounded by the graph of fand
the x-axis has area 3. Find the value of

f‘[ Al + 2x+ 5] dr

¥

/8 Y
R “N/i :

54. Suppose f has absohite minmum value m and absolute max-
immm value M. Between what tero values must _[nl flx)dx
he? Whch property of mtegrals allows vou to make your
conclusion?

5558 Tse the properties of integrals to venfy the inequahty writh-
out evaluating the integrals.

8. [(x* —dxr+4)de=0

I (1
8. [ T+ adv=| VT+xds
5.2 [ JTHedr=22

Jiw

4

~ 3w

14

xf4
= {r_ cos v dr =
Jate

5964 Use Property 8 to estimate the value of the mtegral.

58, { I’ Jx dx

2 1
-n{ﬂl+xl

61 7 tan xdx B2. {: (' — 3x+ 3) dx

B [ T+ dr B [(x—2sinxdr
4d-1 o




65-66 Use properties of mtegrals, together with Exercises 27
and 28, to prove the inequality.

- 2%
BE. {I‘ VR Tdr=

DISCOVERY PROJECT

67. Prove Property 3 of mtegrals.
68. (a) If (is continmmous on [a, b], show that

J.“’ flx) de| = [*] £ dx

[Hine: —| flx)| =) = | Ax)|]
(k) Use the result of part (2} to show that

|l|-hﬁx}sin2xdx = (7] fix) | d
ol -

AREA FUNCTIONS

69, Let fix) = 0 if xis any raticnal number and fx) = 1 if xis
any nrational number. Show that £is not integrable on [0, 1].

T0. Let fi0) = 0 and Mx) = 1/xif 0 = xr = 1. Show that fis
not integrable on [0, 1] [Mint: Show that the first term in
the Riemann sum, {x¥) Ax, can be made arbitranby large ]

71-72 Express the lomif as a definate integral.

M. lim 5~ [Hine Consider f(x) = x*]
AR 1
1ea 1
72 hm — » ————
o==g i 1 + {ifn)f

73. Fnd _|‘|2 x *dv. Hint Choose x¥ to be the geometric mean
of ¥, | and x, |:th.1t i, 8 = Jrox ) and use the idenhity

1 1 1
mm+ 1) m m+ 1

Z (2 Fx= -1, lat

1. (2) Draw the line y = 2¢ + | and use geometry to find the area under this line, above the
t-axis, and between the vertical lines ¢ = l and ¢ = 3.
() If x = 1. let A(x) be the area of the region that lies under the line y = 27 + 1 between
t=1and ¢ = x Sketch this region and use geometry to find an expression for Afx).
(c) Dnfferentiate the area function A(x). What do you notica?

Al = }"I (1 + &) dt

Al x) represents the area of a region. Sketch that region.

(b} Use the result of Exercise 28 m Section 4.2 to find an expression for A(x).

{c) Find 4 x). What do you notice?

{(d) If x = —1 and A 15 a small posifive oumber, then Alx + A) — Alx) represents the area
of a remon. Describe and sketch the region.

(e) Draw a rectangle that approximates the region in part (d). By comparing the areas of
these two regions, show that

Ax+ B — AW _
e

1+ x

(f) Use part (&) to give an infuitive explanation for the result of part ().

1. (z) Draw the zraph of the function f{x) = cos(x®) in the viewing rectanzle [0, 2]
by [—1.25,1.25]
(b) If we define a new function g by

gl = I: cos(t®) d

then g} 15 the area under the graph of £ from 0 to x [until 1) becomes negative, at
which point gl x) becomes a difference of areas]. Use part (3) to determine the value of

Graphing calculator or computer required



x at which g(x) starts to decrease. [Unlike the integral in Problem 2. it is impossible to
evahiate the integral defining g to obtain an explicit expression for g x).]

{c) Use the integration command on your caleulator or computer to estimate g(0.2), g(0.4),
gl0.6), ..., g{1.8), g(2). Then use these values to sketch a graph of g

{d) Use vour graph of g from part (c) to sketch the graph of ¢" using the inferpretation of
§'(x) as the slope of a tangent line. How does the graph of 3’ compare with the graph
of 7

4. Suppose fis a continuous function on the mterval [a, 4] and we define 2 new function g
by the equation

glx) = {: £le) ot

Based on your results m Problems 1-3, conjecture an expressien for g'ix).




