m Exercises

1-18 Find the most zeneral antiderivative of the function. . Mix) =3 M Mx)=6x+smx
(Check vour answer by differentiahon ) —
, B (0 =cos ¢ B MO =0t
1L Ax=x-3 2 fld=1x"—2x+6 —
A flxy=1+3/x, A4)=123
1 Ax=1+3 &7 & flx) =8x" — 32" + 122°
B oFi=5x" -3 +4, A-1)=12
B flx)=(x+ 1)2x—1 6. flx) =x(2 — x)* —
& =(x+ 1)(2x—1) x)=ux x) ) B ) =6+ 50, A1) =10
= T U5 &5 — 34 _ -1
1 flx) = Ta¥* + Bx 8 fx)=x 2xY N, )=+ 1/6. =0, A1) =6
— . _ 2
8. flg) =+ 0. flx) == I P =2eost+ sec’t, —m/2 <t w2, flmi3) =4
10 54y + 1t
N flx) = — 12 glx) = —————— » A =x" Al)=1, A-1)=-1
X X
) ! oD =2+ 12x— 1222, AO) =4, F(0) =12
1+¢+ ¢ .
13. gle) = f}— W A =3cos¢t — 4=t N MO=82+5 fAli=0 fil)=8
N
15. ﬁ(ﬁ':|=25iuﬁ|—5ﬂ:2ﬂ 16 r'-ﬂ:]:ﬁﬂz_.?seczﬂ B FH) =sml + cosd, A0 =3, F0)=4
M A =2secitm e+ be " MW Flx) =27 + 6cosx B M) =3Nr, [@)=20, FE)=T
T oD =4+6x+24% A0)=3, Al)=10
. 3 2 — —_—
19-20 Find the antiderivative F of 7 that satisfies the given con- B0 =200 + 1207+ 4 A0 =8 f)=5
dition. Check vour answer by comparing the graphs of and F M M =24%cosx, fl0)=-1, fAz/2)=0
19. flx) = 5x* — 2", FO)=4 M Mix)=cosx, AD=1, F0)=2 mM0=3

A fix)=x+2smx, Fl)=-6

-]

. Given that the graph of f passes through the peint (1, )
. and that the slope of its tangent line at (x, fix)) 1= 2x + 1,
Z1-80 Fmd £ find £(2).

oy 1 _ H
A. £(x) =200 — 122 + 6x 2. Find a function £ such that /{x) = +* and the line x + y =0
A rix)=x -4 +x+1 is tangent to the graph of f
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43-44 The zvaph of a functon F 15 shown. Which zraph 1s an
anbiderrvative of £ and why?

L R
s
b/ S
a / i
_ _:-;/ _'_'_ - ¥ — L"':'—'_ _T___—-—x
", ) b ) -
| €
| /e

85, The graph of a function 13 shown in the figure. Make a rough
skatch of an antiderivative F, given that F10) = 1.

¥
1 ¥="fiz)
P

: —_—
of, 1 /7 N X
\ /

A /

46. The zraph of the velocty function of 2 particle 15 shown in
the figure. Sketch the graph of a pesition funchion.

ﬂ| / WV r

41. The zraph of ' 15 shown 1n the figure. Sketch the graph of £
if  is continnows and f0) = —1.

| 88, (2) Use 2 graphmeg device to graph fx) = 2x — 3%
(b} Starting with the graph in part (a), sketch a rough graph
of the antiderivative / that satisfies F{0) = 1.
(c) Use the rales of this saction to find an expression for /x).
(d) Graph F using the exprezsion m part (). Compare with
vour sketch in part (b).

aﬂ 49-50 Draw a graph of f and use it to make a rough sketch of
the antiderrvative that passes through the orgm.

s X

M flx) =

-, —Ilm=rx=lw
1+ x*

B =TI FT -2 -3=a=3

51-56 A particle 15 moving with the zrven data. Find the posiion
of the particle.

. o) =sin¢ —eos i, s(0)=10

8. o) = 1547, s(4)=10

Bl alf) =2+ 1, s(0)=3, »(0)=-2

B4, alf) =3cost— 2sme (00 =0 »0)=4

8. alf) = 10sint+ 3eosy, s(0)=0, s2w7)=12

B6. alf) = —4r+ 6, s00=0, s(1)=20

5]. A stone 15 dropped from the upper observation deck (the

Space Deck) of the CN Tower, 430 m above the ground.

(a) Find the distance of the stone above ground level at
time £

(b) How long does it take the stone to reach the ground?

() With what velocity does it strike the ground?

(d) If the stone is thrown downward with a spead of 5 m /s,
how long does it take to reach the ground?

58. Showr that for motion in a straught hne with constant accelara-
fion a, imitial veloeity vy, and initial displacement s, the dis-
placement after time 1z

[
s=:ae‘: + ok + 50

59. An object 15 projected upward with initial velocity v, metars
per second from a point 5, meters above the ground. Show
that

[e]* = ed — 19.6[s(6) — =]

Bl. Two balls are thrown upward from the edgze of the cliff in
Example 7. The first 15 thrown with a speed of 48 ft/s and
the other is thrown a second later with a speed of 24 fi/s. Do
the balls ever pass each other?

Bl. A stone was dropped off a chif and hit the ground with a
speed of 120 ft/s. What 15 the height of the cliff?

62. If a diver of mass nr stands at the end of a drving board with
length [ and hnear density p. then the board takes on the
shape of a curve y = £, where

Ely" = mgll — ) + 1pgll — 2

¥ and [ are positive constants that depend on the material

of the board and g (= 0} is the acceleration due to gravity.

(a) Find an expression for the shape of the curve.

(h) Use [} to estimate the distance below the horizontal at
the end of the board.

¥




63. A company estimates that the marginal cost (1o dollars per
item) of producing x items 15 1.92 — 0.002x. If the cost of pro-
ducing one item 15 5562, find the cost of producing 104 items.

B4, The lmear density of a rod of length 1 m is grven by
pix) = 1//x. in grams per centimeter, where xis measured in
centimeters from one end of the rod. Find the mass of the rod
B65. Since raindrops grow as they fall, thewr swface area increases
and therefore the resistance to their falling increases. A
raindrop has an mitial downward velocity of 10 m/s and its
downward acceleration is

_ 908 f0=s=10
“lo if =10
If the ramndrop 15 imtally 500 m above the ground, how long
does 1t take to fall?
B6. A car is traveling at 50 mi/h when the brakes are fully apphed,
producing a constant deceleration of 22 ft/s”. What is the dis-
tance traveled before the car comes to a stop?

67. What constant acceleraton 15 required to increase the speed of
a car from 30 mi/h to 50 ou/hin 5 57

BB A car braked wath a constant deceleration of 16 ft/s%, pro-
ducing skid marks measuring 200 fi before coming to a stop.
Howr fast was the car traveling when the brakes were first
apphed?
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69. A car is traveling at 100 km/h when the driver sees an accident
80 m ahead and slam: on the brakes. What constant decelera-
tiom 15 required to stop the car in time to avoid a pleup?

T0. A model rocket 15 fired vertically upward from rest. Its acceler-
ation for the first three seconds is alf) = 60¢, at which time the
fuel 15 exhansted and it becomes a frealy “faling™ body. Four-
teen seconds later, the rocket’s parachute opens, and the
(downward) velocity slows linearly to —18 ft/s in 5 5. The
rocket then “Hoats™ to the ground at that rate.

(a) Determine the positon fanetion s and the velocity func-
fiom v (for all imes ¢}, Sketch the graphs of 5 and v.

(b) At what fime does the rocket reach 1fs maxmimum height,
and what 15 that height?

(c) Atwhat time does the rocket land?

M. A high-speed bullet tram accelerates and decelerates at the rate

of 4 /5% Tts maximm cruising speed is 90 mi/h.

(a) What 15 the maximum distance the train can travel of 1t
accelerates from rest until 1t reaches its cruising speed and
then runs at that speed for 15 mimutes?

(b) Suppose that the trauin starts from rest and must come to
a complete stop in 15 munutes. What 15 the maximum dis-
tance it can travel under these condiions?

() Find the mmmum time that the train takes to travel
between two consecutive stations that are 45 miles apart.

{d) The trip from one station to the next takes 375 mmutes_
How far apart are the stahons?

Concept Check

1. Explain the difference between an absolute maximum and a
local maximum  Ilustrate with a sketeh

2 (a) What does the Extreme Value Theorem say?
(b) Explain how the Closed Interval Method works.

3 (a) State Fermat's Theorem.
(b) Define a critical number of f

4. (a) State Folle's Theorem.
(b) State the Mean Value Theorem and zive a geometric
mterpretation
B (a) State the Increasmg/Decreasing Test.
(b) What does it mean to say that £is concave upward on an
mterval 7
(c) State the Concavity Test.
(d) What are mflection points7 How do you find them?

b. (a) State the First Denvative Test.
(b)) State the Second Dlerrvative Test.
{c) What are the relative advantages and disadvantages of
thase tests7

1. Explain the meaning of each of the following statements.
(a) ]j.n_:lﬁx} =L B lm fAx)=1L () lim Ay =m

{d) The curve y = () has the honzontal asymptote y = L.

B. If vou have a graphing caleulator or computer, why do you
nead caleulus to graph a function?

9. (a) Given an mifial approximation x| to a root of the equa-

fion fx) = 0, explain geometnically, with a diagram,
how the second approxumation x, in Newton's method 15
obtained.

(b) Write an expression for x, in terms of ¥, fx,),
and (x).

() Wnte an expression for x,,; in terms of x,. flx, ),
and {x,).

(d) Under what circumstances is Mewton's method hkely to
fal or to work very slowly?

10. {a) What is an antiderivative of a function /7
(b) Suppose f and F are both antiderivatrves of £ on an
mterval { How are F| and F; related?
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True-False Quiz

Determine whether the statemant is true or false. If it is true, axplain why.
If it is falsz, explain why or give an example that disproves the statemant.

1. If Fich = 0, then £ has a local maximum or minimum at .
2. If {has an absclute mmimum value at ¢, then (c) = 0.

1. If {is contnuous on (a, b). then f attains an absolute maxi-
mum value f(c) and an absolute minimum value fd) at some

numbers ¢ and d in (a, A).

4. If fis differentiable and f—1)} = f(1), then there is a pum-
ber csuch that || < 1 and i) = 0.

B IfM(x) <= 0 for 1 < x < 6, then [ 15 decreasing on (1, &).

6. If F"(2) = 0, then (2, f(2)) is an inflection point of the

curve y = filx).

1. If Fix) = g'(x) for 0 = x =< 1, then fx) = glx) for
(i

8. There exists a fanction £ such that A1) = =2, A3) =0, and
fix =1 forall x

9. There exists a fanction f such that M{x) = 0, Mx) < 0, and
Fox) = 0 for all x

10. There exists a function £ such that flx) < 0, £ix) < 0,
and " (x) = 0 forall x.

11. If fand g are increasing on an mterval /. then £+ gis

increasing on |-

12 If fand g are increasing on an mterval /, then f— gis
increasing on J.

13. If fand g are increasing on an interval J, then £ is

increasing on J.

14. If Fand g are positive increasing functions on an mterval f,
then fg is increasing on [.

15. If Fis increasing and fx) = 0 on ) then g(x) = 1/f(x) is
decreasing on £,

16. If f1s even, then I 15 even.
17, If Fis periodic, then /' 1s penodic.
18. The most general antiderivative of flx) = & “is
1
Axy=—-——+70C
x

19, If £'(x) exists and 1s nonzero for all x, then A1) == A0).

Exercises
1-6 Find the local and absolute extreme values of the funchon
on the ziven mterval

LAd=x —6"+9x+1, [2.4]

ZAd=x/1—-x, [-11]

Ir — 4

3 M= T
x

. [-2.2]

LA =Vr+x+1, [-21]
B flx)=x+2cosx, [-m ]

6. flx) = sinx + cos’y, [0, w]

7-12 Fmnd the Lot

i+ x—35 F—r+2
1. lim ———— 8 lim———————
e Bt — 2t + 1 e (26— 10+ e+ 1)
AT+ 1
5, ¥ T 0. Lm (x + %)
- 3x—1 e
_ sin*x
M. lm (V452 + 3x — 2x) 12 hm——
- L lTE o

13-15 Sketch the graph of a function that satisfies the given
conditions.
13 A0y =0, A-2=rl)=r@ =0,

lm fxh =0, hnia flx) = —m,

Fix) = 0on(—m, —2), (1, 6), and (9, o),

Fix) > 0on(—2, 1) and (6, 9),

F{x) = 0 on (—eec, 0) and (12, =),

F{x) = 0 on (0, 6) and (6, 12)

14, Al) =0, fis continuous and even,
Fildd=2xif0<x=<1, fMx)=-1ifl=x<3,
Fix)=1lifx >3

15 Fisodd, Flx) < 0for0<rx<2,

i) =0forx>=2, Mix)>0ford=x=3,
Fmix) < 0 for x > 3, Eﬂx}=—2

16. The figure shows the graph of the derfvatve [ of a
function £
(2} On what mtervals iz fimereasmg or decreasing?
(b) For what values of x does /have a local maximum or

mnmamm 7



{c) Sketch the graph of "
{d) Sketch a possible graph of £

F
y=f) o~
Vit .-"/ kY
ri by I A
—) { o
i L L — L ;' L I —
e R LR A N - T
R \
(v

17-28 Use the guidelmes of Section 3.5 to sketch the curve.

my=2—-2x—x* 18 y=x" —6x" - 13xr+ 4

19 p=x"— 3+ 3 - 0 y= -
¥=x x X —x ¥ I
1 1 1
Noy=— ny=——-———
Yo de—3F P TE
A y=xYx+ 8) By=41—-x+1+x

B y=x2+x B oy=xt+1
. y= sin’x — 2eos x

A y=4x—tanx, -wl<x<a2

Eﬂ 29-32 Produce graphs of F that reveal all the important aspects

of the curve. Use graphs of /' and (" to estimate the intervals of
merease and decrease, extreme values, intervals of concavity, and
milecton pomts. In Exercise 29 use caleuhus to find these quanti-
fies exacthy.

=1 r—x

— W Alx) =————
x o r+x+3

N A =3" — ' + 2" — 5" - 287 +

2 Ax)=x*+65sinx —-5=x

N fx=

(]

#

5

1. Show that the equation 3x + 2 cos x + 5 = 0 has exactly

one real root.

M. Suppose that (1= continuous on [0, 4], A0) = 1, and
3 = Fx) = 5 for all xin (0, 4). Show that 9 = A(4) = 2.

35. By applying the Mean Value Theorem to the fanction
flx) = x'* on the interval [32, 33], show that

2 533 < 2.0125

36. For what values of the constants 2 and b1s (1, 3) a pomnt of
inflection of the curve y = ax’ + bu®7

31. Let glx) = fi{x*), where f is twice differentiable for all x,
x> 0forall x = 0, and f is concave downward on
{—ce, 0) and concave upward cn (0, o).

(2) At what numbers does g have an extreme value?
(b) Discuss the concavity of g.
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3. Find two positive integers such that the sum of the first num-
ber and four times the second number 15 1000 and the prod-
uct of the mumbers 15 as large as possible.

3. Show that the shortest distance from the point (x), ) to the
straight line Ax + By + C=01s

|.rLr| + E_h + {:|

4. Find the point on the hyperbola x y = 8 that 15 closest to the
point (3, 0).

#1. Find the smallest possible area of an 1505celes nangle that 15

circumseribed about a eirele of radms r.

42, Find the volume of the largest circular cone that can be
inscribed 1n a sphere of radius r.

8. In AABC, Dlies on AR, O L AR, |AD| = | 80| = 4 cm,
and | Cf}| = 5 em. Where should a point Fbe chosen on £
so that the sum | P4| + | PB| + | PC| is 2 minimum?

M. Solve Exercize 43 when | ()| =2 em.
&5, The velocity of a wave of length [ in deep water is

K [ L ' C

r= =+ —

-‘1.' C L

where K and ( are known positive constants. What is the
length of the wave that gives the mintmum velocity?

4. A metal storage tank with volume |is to be constructed in
the shape of a nght circular cylinder swmounted by a hemi-
sphere. What dimensions will require the least amount of
metal?

47. A hockey team plays in an arena with a seating capacity of
15,000 spectators. With the ticket price set at 512, average
attendance at a game has been 11, 000. A market survey indi-
cates that for each dollar the ticket price 15 lowered, average
attendance will inerease by 1000. How should the owners of
the team set the ticket price to maximize their revemue from
ticket sales?

m 8. A manufacturer deterounes that the cost of makmg v units of

a commedity 15 () = 1800 + 25x — 0.2x° + 0.001x* and

the demand function iz plx) = 48.2 — 0.03x

(a) Graph the cost and revenue functions and use the graphs
to eshmate the produchion level for maximum profit.

(b) Use calculus to find the produchion level for maximum
profit.

(c) Estimate the production level that punmizes the average
cost.

49, Use Newton's method to find the root of the equation
¥ —x* + 3x' — 3x — 2 = 0 in the interval [1, 2] comrect to
six decimal places.
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8. Use Newton's method to find all roots of the equation
sinx = x° — 3x + | correct to six decimal places.

51. Use Newton's method to find the absolute maximum vahe of

the function /(¢) = cos ¢ + ¢ — * comect to eizht decimal
places.

52, Use the pmdehnes m Section 3.5 to sketch the curve
y=xmanx, 0 = x= 27 Use Newton's method when
necessary.

53-58 Find £

8B i =y2 + 3

. Mx) = 8x — 3 sec’r

B M)=2t—3sne A0 =5

8. ) =Y 1) =3

u
. /x) =1 — 6x+48x% A0 =1, r(0) =2
B Mx)=2x"+3x*—dx+5 fA0)=2, AlL=0

58-60 A particle is moving with the given data Find the position

of the particle.
B, off) =2¢—=sme s(0)=3
6. alf) =cni+ Iecoze, s(0)=0, wl0)=2

aﬂ 61. Use a graphing device to draw a graph of the fuinchon
flx) = r*smlx®), 0 = r = 7, and use that graph to sketch
the antidenivative F'of f that satishes the imtial condition
Moy = 0.

m 62 Investgzate the fanmly of curves given by
fid=x*+1"+
In particular you should determine the transitional value of
¢ at whach the pumber of crifical numbers changes and the
transihional value at which the number of inflachon pomnts
changes. Illustrate the various possible shapes with graphs.

63, A canister 15 dropped from a helicopter 500 m above the

ground. Its parachute does not open, but the canister has been
designed to withstand an impact velocity of 100 m/'s. Will 1t

burst?

. In an automobile race along a straaght road, car A passed
car B twrice. Prove that at some fime during the race their
accelerations were equal State the assumptions that you
make.

B5. A rectangular beam will be cut from a eylindrical log of
radius 10 inches.

(a) Show that the beam of maximal cross-sectional area is
a3 square.

{(b) Four rectangular planks will be cut from the four sechons
of the log that remain after cutting the square beam Dater-
mune the dimensions of the planks that will have maxmal
cross-sectional area.

(e} Suppose that the strength of a rectangular beam 1s propor-
tional to the product of its width and the square of its
depth  Find the dimensions of the strongest beam that can
be cut from the cylindnical log.

_l_ 10

T

[

 —
pb— wndth —
B6. If a projectile 15 fired with an imtial velocity v at an angle of
mehination # from the honzontal, then 1= trajectory, neglect-
mg ar resistance, 1s the parabela

4 ; W
r=ltan @y — —————x" 0=@8=—
¥= ) 2v” cos"H 2

{a} Suppose the projectle 15 fired from the base of a plane
that 1= inclined at an angle @, o = 0, from the horizontal,
as shown 1o the figure. Show that the range of the projec-
file, measured up the slope, 15 grven by

R(6) 2v'cosd siJ:fG —a)
goos o
(b) Datermine # so that /is 3 maximwm.
(e} Suppose the plane 15 at an angle o below the honzontal.
Determine the range & in this case, and determme the
angle at which the projectile should be fired to maximize #




