m Exercises

Consider the following problem: Find two numbers whose sum

15 23 and whose product 1s 2 maximum.

{a) Make a table of values, hike the followmg one, so that the
sum of the numbers mn the first two columns 15 always 23,
On the basis of the evidence m youwr table, estimate the

answer to the problem.

First oomber Second number Product
1 22 22
2 21 42
3 20 60

(b) Usze caleulus to sohve the problem and compars with vour
answer to part (a).
2 Find two mumbers whose difference 15 100 and whose product
15 3 mnimum
3. Find two positive numbers whose product 15 100 and whose

SUm 15 3 MMM,

4. The sum of two positive oumbers 15 16. What is the smallest
possible value of the sum of their squares?

5. What 15 the maximum verfical distance between the line
_}-'=1+Ea.udthepmbol.1_y=xzfm'—1 =x=17

6. What 15 the minimum vertical distance between the parabolas
y=x"+landy = x — 277
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Find the dimensions of a rectangle with permmeter 100 m
whose area 15 as large as possible.
Find the dimensions of a rectangle with area 1000 m* whose
penimeter 15 as small as possible.
A model used for the vield ¥of an agnicultural crop as a fune-
tion of the mtrogen level Vin the soil (measured in appropriate
units}) is
kN
1+ M
where k15 a positive constant. What nitrogen level gives the
best y1eld?
The rate (in mg carbon/m*'h) at which photosynthesis takes
place for a species of phytoplankton is modeled by the function
1004
P+l+4
where [is the Light intensity (measwed m thousands of foot-
candles). For what light intensity is a2 maximum?

P

. Consider the following problem: A farmer with 750 ft of

fencing wants to enclose a rectangular area and then divide it

inte four pens with fercing parallel to one side of the rect-

angle. What 15 the largest possible total area of the four pens?

(2) Diraw several diagrams dlustrating the situation, some with
shallow, wide pens and some with deep, narrow pens. Find
the total areas of these configurations. Dioes 1t appear that
there 15 a maximum area? If so, estmate it

(b) Draw a diagram illustrating the general simaton. Introduce
notation and label the diagram with vour symbols.

(c) Wnite an expression for the total area.

(d) Use the given information to write an equation that relates
the variables.

() Use part {d) to write the total area as a function of one
variable.

(f) Fimsh solving the problem and compare the answer with
vour eshmate in part (a).

Consider the following problem: A box with an open top 15 to

be constructed from a square prece of cardboard, 3 £ wide, by

cutting out a square from each of the four commers and bending

up the sides. Find the largest volume that such a box can have.

(2) Draw several diagrams to dlustrate the situation, some short
boxes with large bases and some tall boxes with small
bases. Find the volumes of several such boxes. Does it
appear that there 15 a maximum volume? If s0, eshmate 1t.

(b) Diraw a diagram illustrating the general situation. Introduce
notation and label the diagram with your symbels.

() Write an expression for the volume.

(d) Use the given information to write an equation that relates
the variables.

(&) Use part (d) to write the volume as a function of one
variable.

(f) Fimsh solving the problem and compare the answer with
vour eshmate in part (a).

A farmer wants to fence an area of 1.5 mullion square feet in a
rectangular field and then dmade i in half with a fence parallel
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to one of the sides of the rectangle. How can he do this so as to
minimize the cost of the fence?

A box with a square base and open top must have a volume of
32,000 em’. Find the dimensions of the box that minimize the
amount of material used.

If 1200 em® of material is available to make a box with a
sguare base and an open top, find the largest possible volume
of the box.

A rectangular storage contamer with an open top is to have a
vohme of 10 m*. The length of its base is twice the width.
Matenal for the base costs $10 per square meter. Matenal for
the sides costs 36 per square meter Find the cost of matenals
for the cheapest such contaner.

Do Exercize 16 assuming the container has a hid that 15 made
from the same matenal as the sides.

(a) Show that of all the rectangles with a given area, the cne
with smallest perimeter is a square.

(b) Show that of all the rectangles with a given penmeter, the
one with greatest area is a square.

Find the point on the line y = 2x + 3 that 15 closest to the

ongin.

Find the point on the curve y = ' x that 15 closest to the

point (3, 0).

Fird the points on the ellipse 4x° + y* = 4 that are farthest

away from the pomt (1, 0).

m 22, Find, comect to two decimal places, the coordinates of the

point on the curve y = sin x that is closest to the point (4, 2).
Find the dimensions of the rectangle of largest avea that can be

inscnbed in a cwrele of radins .

Find the area of the largest rectangle that can be insenbed in
the ellipse x%/a* + yb* = L.

Fird the dimensions of the rectangle of largest area that can be
inscribed in an equilateral tmangle of side £. if one side of the
rectangle lies on the base of the triangls.

Find the area of the largest trapezoid that can be insenbed in a
corcle of radius 1 and whese base is a diameter of the circle.

Find the dimensions of the 150sceles tnangle of largest area that

can be insertbed mn a circle of radius r.

Find the area of the largest rectangle that can be insenbed in a
right triangle with legzs of lengths 3 cm and 4 em if two sades of
the rectangle he along the legs.

A nght circular cylinder is nsenibed in a sphere of radms r.
Fird the largest possible volume of such a cyhnder.

A night circular cylinder is inscnbed in a cone with height &
and base radius r. Find the largest possible volume of such a
cylinder.

A night ewreular cylinder is inscnbed in a sphere of radms r.
Find the largest possible swrface area of such a eyhinder.
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A Norman window has the shape of a rectangle suwmounted

by a semicirele. {Thus the diameter of the semmcircle 1z equal te
the width of the rectangle. See Exercize 62 on page 22.) If the
perimeter of the wmdow 15 30 fi, find the dimensions of the
window so that the greatest possible amount of light 15 admatted.

The top and bottom margins of a poster are each 6 cm and the
side margms are each 4 cm. If the area of printed matenial on
the poster is fixed at 384 cm®, find the dimensions of the poster
with the smallest area.

. A poster is to have an area of 180 in® with 1-inch margins at

the bottom and sides and a 2-inch margin at the top. What
dimensiens will give the largest printed area?

A piece of wire 10 m long is cut into two pieces. One piece
15 bent mnto a square and the other 15 bent into an equlateral
tnangle. How should the wire be cut so that the total area

enclosed 15 (3} 2 maximum? (b} A mmimum?

. Answer Exercise 33 1f one piece 15 bent mto a square and the

other into a cwele.

A cylindrical can without a top is made to contain Fem® of
liquid. Find the dimensions that will munimize the cost of the
metal to make the can

38. A fence B fi tall runs parallel to a tall bwlding at a distance of

4 £ from the building. What is the length of the shortest lad-
der that will reach from the ground over the fence to the wall
of the building?

. A cone-shaped drinking cup 15 made from a cireular piece

of paper of radius K by cutting out a sector and joining the
edges CA and CF. Find the maximum capacity of such a cup.

A B
aN ¥,
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. A cone-shaped paper dnnking cup is to be made to hold 27 cm®

of water Find the height and radms of the cup that will use the
smallest amount of paper.

A cone with height & 15 inseribed in a larger cone with

height /o that its vertex is at the center of the base of the

larger cone. Show that the inner cone has maximom volume
when h = 1.

42. An object with weight Wis dragged along a horizontal plane

by a force acting along a rope attached to the object. If the rope
makes an angle # with a plane, then the magnrtude of the force
15

__ ul¥

_p::i.nﬂ+r:u/;!||

where p 15 a constant called the coefficient of fnction. For
what value of # 15 /' smallest?

43. If a resistor of & ohms is connected across a battery of F volts

45.

with internal resistance r ohms, then the power (in watts) n the
external resistor is

ER
®+ 7°

If F and r are fixed but & vanes, what is the maximum value of
the power?

P=

For a fish swimming at a speed v relative to the water, the
energy expenditure per unit tme is proportional to ¢, It is
beheved that mmgratmg fish try to punmize the total energy
required to swmm a fixed distance. If the fish are swimmmg
agamst a cwrent & (< v), then the time required to swim a
distance £ is L/{r — o) and the total energy £ required to
swim the distance is given by

L

r—u

Hz) = ar® -

where a is the proportionality constant.

(a) Determine the value of v that minimizes £

(1) Sketch the graph of F.

Neve: Thas result has been verthed expenmentally; mugratmg
fich swim against a cwrrent at a speed 50% greater than the
current speed.

In a beehive, each cell 15 2 regular hexagonal prism, open at
one end with a tnhedral angle at the other end as in the figure.
It is believed that bees form their cells m such a way as to min-
imze the surface area, thus nsing the least amount of wax
cell construction. Examination of these cells has shown that the
measure of the apex angle # 15 amazingly consistent. Based on
the geometry of the cell, it can be shown that the surface area §
15 given by

§=6sh — 3s°cot@ + (35%3/2) csc il

where 5, the length of the sides of the hexagon, and b, the

height, are constants.

(a) Caleulate oS/ dd.

{(b) What angle should the bees prefer?

(e} Determine the minimuwm surface area of the cell (in terms
of 5 and k).

Nore: Actual measurements of the angle # in beshives have

been made, and the measures of these angles seldom differ

from the caleulated value by more than 2°.
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A boat leaves a dock at 2-00 PM and travels due south at a
speed of 20 km/h. Another boat has been heading due east at
15 km/h and reaches the same dock at 3:00 PM. At what time
were the two boats closest together?

Solve the problem in Example 4 if the niver 15 5 km wide and
point 1z only 5 km downstream from A

. A woman at a point /4 on the shore of a cireular lake with

radms 2 ma wants to amrrve at the pomt  diametnically oppo-
site A on the other side of the lake in the shortest possible
time (see the fipure). She can walk at the rate of 4 mi/h and
row a boat at 2 mi/h. How should she proceed?

B

. An o1l refinery is located on the north bank of a straight river

that 15 2 km wide. A pipeline 15 to be constructed from the
refinery to storage tanks located on the south bank of the
nver § km east of the refinery. The cost of layving pipe 15
%400,000,km over land to a point / on the north bank and
$800,000, km under the rver to the tanks. To minimize the
cost of the pipeline, where should /e located?

. Suppose the refinery m Exercise 49 15 located 1 ko north of

the river. Where should /* be located?

The 1lnmination of an object by a Light source 1= directly pro-
portional to the strength of the souwrce and inversely propor-
tional to the square of the distance from the source. If two
light sources, one three times as strong as the other, are
placed 10 ft apart, where should an object be placed on

the hne between the sources so as to receive the least
llumination?

. Find an equation of the line through the pomnt (3, 5) that cuts

off the least area from the first quadrant.

. Lat a and b be positive oumbers. Find the length of the short-

est line segment that 15 cut off by the first quadrant and
passes through the point (a, A).

. At which points on the curve ¥ = 1 + 40x" — 3x” does the

tangent line have the largest slope?

What is the shortest possible length of the line segment that
15 cut off by the first quadrant and 15 tangent to the curve

¥ = 3/xat some pomt?
. What is the smallest possible area of the tmangle that is cut

off by the first quadrant and whose hypotenuse 15 tangent to

the parzbola y = 4 — x” at some point?

(@) If (Vx) 15 the cost of producing xunits of a commeodity,
then the average cost per unit 13 ex) = Clx)/x Show
that if the average cost 15 3 minimuwm, then the marginal
cost equals the average cost.

61.

63.
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(B} If (ix) = 16,000 + 200x + 4x*, in dollars, find (i) the
cost, average cost, and marginal cost at a production level
of 100{) umts; (nn) the production level that will mnmmize
the average cost; and (i) the mummum average cost.

(a) Show that if the profit A x) is 3 maxmmum, then the mar-
gmal revenue squals the marginal cost.

(B} If Clx) = 16,000 + 500x — 1.6x° + 0.004x" is the cost
function and plx) = 1700 — Txis the demand fanction,
find the production level that will maximize profit.

. A baseball team plays in a stadium that bolds 55,000 specta-

tors. With ficket prices at $10, the average attendance had
bean 27, 000. When ticket prices were lowered to 58, the
average attendance rose to 33,000,

{a) Find the demand funchon, assuming that 1t 1= hnear.
(b) How should ticket prices be sat to maxmize revenus?

During the summer months Terry makes and sells necklaces

on the beach. Last summer he sold the necklaces for $10

sach and s sales averaged 20 per day. When he increased

the price by 51, he found that the average decreased by two

sales per day.

(a) Find the demand funchon, assuming that it is hnear.

(b} If the matenal for each necklace costs Terry 36, what
should the selling price be to maximize his profit?

A manufacturer has been selling 1000 flat-sereen TVs a week

at 5450 each. A market survey indicates that for each 510

rebate offered to the buyer, the number of TVs sold wall

increase by 100 per week.

(a) Find the demand function.

(b} Howr large a rebate should the company offer the buyer m
order to maxumize 1ts reverme?

() If its weekly cost function 1s ({x) = 68,000 + 150,
how should the manufacturer set the size of the rebate 1n
order to maximize its profit?

The manager of a 100-unit apartment complex knows from
experience that all units will be occupied if the rent is $800
per month. A market swvey suggests that, on average. one
additional unit will remain vacant for each $10 increase
rent. What rent should the manager charge to maxmmize
revenua’

Show that of all the isosceles tnangles with a given penme-
ter, the one with the zreatest area 15 equilateral

The frame for a kite 15 to be made from six pieces of wood.
Tha four exterior prieces have been cut with the lengths
indicated in the figure. To maximize the area of the kite, how
long skould the diagonal preces be?
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m 5. A pomnt Pneeds to be located somewhere on the line 4170
that the total length [. of cables linking / to the points 4, 5,
and (' iz minimized (see the figure). Exprass £ as a function
of x = | AP| and use the zraphs of [ and df./dx to estmate
the minimum value of £

B6. The graph shows the fuel consumption ¢ of a car (measured
in gallons per how) as a funchon of the speed v of the car At
wvery low speeds the engine muns inefficiently, so inmtially ©
decreases as the speed inereases. But at lngh speeds the fuel
consumption increases. You can see that dp) is minmmized for
this car when v = 30 mi/h However, for fual efficiency,
what must be munmized 15 not the consumption m gallons
per hour but rather the fuel consumption in gallons per mife.
Let’s call this consumphion (7. Using the graph, estimate the
speed at which (7 has its minimum value.

67. Let v be the velocity of hght in awr and o the velocity of
light in water According to Fermat's Prmeiple, 2 rav of light
will travel from a point A in the air to a point Fin the water
by a path ACH that minimizes the time taken. Show that

sm#, ™

sm s v

where #; (the angle of meidence) and #; (the angle of refrac-
ton) are as shown. This equation 15 known as Snell’s Law.

A
8,

8,
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68. Two vertical poles P(J and 5T are secured by a rope FPRS
going from the top of the first pole to a point / on the ground

between the poles and then to the top of the second pole as m
the figure. Show that the shortest length of such a rope ccouwrs
when & = #:.

Q R T

89. The upper right-hand comer of a piece of paper, 12 in. by
8 m., as mn the higure, 15 folded over to the bottom edze. How
would vou fold it so as to nunimize the length of the fold? In
other words, how would you choose x to mimmize y7
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T0. A steel pipe 1s being cammed down a hallway 9 fi wide. At the
end of the hall there iz 3 nght-angled tum into a narower

halbway & ft wade. What 15 the length of the longest pipe that
can be camied honzontally around the corner?
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M. An observer stands at a pomnt /, cne unit away from a track.
Two mnners start at the point 5 in the fizure and run along
the track. One mnner runs three times as fast as the other
Find the maximum value of the cbserver’s angle of sight #
between the munners. [Mine Maximize tan ]

—




72. A rain gutter is to be constructed from a metal sheet of width
30 cm by bending up one-third of the sheet on each side
through an angle #. How should # be chosen so that the gutter
will carry the maximum amount of water?

o/ ]
[~ 10 em —— 10 em —|— 10 em —|

73. Find the maximum area of a rectangle that can be circum-
scnbed about a given rectangle with length [ and width W/
[Hint: Express the area as a function of an angle 6]

74. The blood vascular system consists of blood vessels (artenies,
arterioles, capillanies, and veins) that convey blood from the
heart to the orzans and back to the heart. This system should
work 50 as to minimize the energy expended by the heart in
pumping the blood. In particular, this energy is reduced when
the resistance of the blood 15 lowered. One of Poisemlle’s Laws
gives the resistance K of the blood as

R=C=

r-l

where [ is the length of the blood vessel. ris the radius, and
1s a positive constant determmed by the viscosity of the blood.
(Poisemlle established this law experimentally. but it also fol-
lows from Equation 8.4.2.) The fizure shows a2 main blood ves-
sel with radius r branching at an angle # into a smaller vessel
with radius ;.

o
,4.
. /I //
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o - >
vascular o b
branching ,//'_‘__,
~ g - —
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(3) Use Porseuille’s Law to show that the total resistance of the
blood along the path ABC 15

. — beot# bescl
ch(a ‘co ” c:: )
\ s n

where & and b are the distances shown in the fizure.
(b) Prove that this resistance 15 minimized when
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(c) Find the optimal branching angle (correct to the nearest
degree) when the radms of the smaller blood vessel 1s two-
thirds the radius of the larger vessel

£
£
3
£
[
s
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75. Ormthologists have determined that some species of birds tend
to avoid flights over large bodies of water dunng daylight
hours. It is believed that more energy 1s required to fly over
water than over land because air generally nises over land and
falls over water duning the day. A bird with these tendencies 15
released from an island that is 5 km from the nearest pomt
on a straight shorelne, flies to 2 point  on the shoreline, and
then flies along the shoreline to its nesting area /). Assume that
the bird instimctively chooses a path that will minimize its
energy expenditure. Points 5 and [J are 13 km apart.

(2) In general, if it takes 1.4 times as much energy to fiy over
water as 1t does over land, to what point ' should the bird
fly in order to minimize the total energy expended in
retumning to its nesting area’

(b) Let ¥ and [ denote the energy (in joules) per kilometer
flown over water and land, respectively. What would a
large value of the ratio /[ mean m terms of the bud’s
flight? What would a small value mean? Determine the
ratio /L comesponding to the minimum expenditure of
energy.

(c) What should the value of /L be in order for the bird to fly
directly to its nesting area [J? What should the value of W/
be for the bird to fly to /5 and then along the shore to [J7

(d) If the omithologists observe that birds of a certamn species
reach the shore at a point 4 km from 5. how many times
more energy does 1t take a bird to fly over water than over
land?
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aﬂ T6. Two hght sources of 1dentical strength are placed 10 m apart.

APPLIED PROJECT

CHAPTER 3 APPLICATIONS OF DIFFERENTIATION

An object is to be placed at a point 7 on a line £ parallel to
the line jeining the light sources and at a distance o meters
from it (see the fizure). We want to locate Fon € so that the
intensity of lluminatien 15 umpuzed. We need to use the
fact that the intensity of 1llumination for a single souwrce 1s
directly proporfional to the strength of the source and
inversely proportional to the square of the distance from the
source.
(a) Find an expression for the intensity f{x) at the point 7
() If d = 5 m, use graphs of &) and /(x) to show that the
intensity 15 minimized when x = 5 m, that 15, when Fis
at the midpoint of £.

THE SHAPE OF A CAN

() If @ = 10 m, show that the mtensity (perhaps swpns-
ingly) 15 nor mmimized at the midpoint.

(d) Somewhere between d = 5 m and d = 10 m there 15 3
transitional value of d at which the point of mmimal illu-
mmnafion abruptly changes. Estimate this value of o by
graphical methods. Then find the exact value of d.

P
— I ‘
d
|
| 10m |
= [ |

In this project we investigate the most economical shape for a can. We first interpret this to mean
that the volume V of a cylindnical can is given and we need to find the height & and radius r that

—— minimize the cost of the metal to make the can (see the fizure). If we disregard any waste metal

o m the manufacturng process, then the problem 1= to mimimize the swrface area of the cylhinder. We
solved this problem m Example 2 in Section 3.7 and we found that & = 2r; that 15, the height
should be the same as the diameter. But if vou go to vour cupboard or vour supermarket with a
h ruler, you will discover that the height is usually greater than the diameter and the ratio h/r varies
_ from 2 up to about 3.8. Let’s see 1f we can explain thes phenomenon.

- 1. The material for the cans 15 cut from sheets of metal. The eylindncal sides are formed by

bending rectangles; these rectangles are cut from the sheet with little or no waste. But if the
top and bottom discs are cut from squares of side 2r (as in the figure). this leaves consider-
able waste metal, which may be recycled but has little or no value to the can makers. If this is
the case, show that the amount of metal uwsed is mminized when

2 A more efficient packing of the discs is obtained by dividing the metal sheet into hexagons
and cuthing the cirenlar hds and bases from the hexagons (see the figure). Show that of this
strategy 1s adopted, then

= 7= 1121

b 43
r w

3. The values of b/r that we found in Problems 1 and 2 are a little closer to the ones that
actually occur on supermarket shelves, but they sall don’t account for everything. If we
look more closely at some real cans, we see that the lid and the base are formed from dises
with radius larger than r that are bent over the ends of the can. If we allow for this we would
increase f/r. More significantly, in addition to the cost of the metal we need to incorporate
the mamufactunng of the can mto the cost. Let’s assume that mest of the expensze 15 ncumed
in joining the sides to the rims of the cans. If we cut the discs from hexagons as in Problem 2,
then the total cost 1s propertional to

4.3 2 + 2mrh + Mdwr+ B

aﬂ Graphing caloulator or computer required
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where k iz the reciprocal of the length that can be joined for the cost of one unit area of
metal Show that this expression 15 minimized when

IV [=F 2o — ki
B v e - vl
kN mhr—43

Plot-:-"?fk as a function of x = h/r and use your graph to argue that when a can is large
or joimng 15 cheap, we should make b/r approximately 2.21 (as in Problem 2}. But when
the can is small or joming is costly, b/r should be substantially larger.

. Onr analysis shows that large cans should be almost square but small cans should be tall

and thin. Take 2 look at the relative shapes of the cans in a supermarket. Is our conclusion
usually true in practice? Are there exceptions? Can you suggest reasons why small cans
are not always tall and thin?




