m Exercises

1-2 Use the given graph of Fto find the following, 56 The gmp.li of the t:.ferfv:!&r’ve .I".' of a flu:u:iiun. f 15 shown.
(a) On what intervals 15  mereasing or decreasmg?

{2} The open mtervals on which f is increasing. 3
(&) At what values of x does [/ have a local maximmm or

() The open mtervals on which £ is decreasing.

{c} The open mtervals on which  1s concave upward. nium?
(d) The open mtervals on which £ is concave downward. By [
(e} The coordinates of the points of inflection. . ¥=fiix) . y=fix)
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1 I -1 | g 1. In each part state the y-coordinates of the inflechon points
of f. Give reasons for your answers.
o1 3 o 1 4 (a) The curve is the graph of .
(k) The curve is the graph of /.
(¢} The curve is the graph of /™
1. Suppose you are grven a formula for a function £ ¥
(a) How do vou deternune where f 15 increasing or
decreasing? f_\ /-\"
(k) How do you deternmne where the graph of 15 concave ."J A N T
upward or concave downward? 0 ."' 2 4 6 4\ B X

(c}) How do you locate mflection pomnts? | \

4. (2) State the Fust Denvative Tast
(b) State the Second Denvative Test. Under what circum- 8. The graph of the first denivative /' of 2 funchion £ 15 shown
stances is 1t inconchusive? What do you do if it fa1ls7 (2) On what intervals 1= f imereasmg? Explain.



(b) At what values of x does [ have a local maxipmm or
minimum? Explain.
() On what intervals 15 f concave upward or concave down-
ward? Explain
(d) What are the r-coordinates of the inflection points of 7
Why?
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(a) Find the intervals on which  is increasing or decreasing.

(b} Find the local maximum and mmimum values of £

(e} Find the intervals of concavity and the mflection points.
9. Ax) =20 + 327 — 36

10 Ay =42 + 326" —6x + 1

M Ax) =2 —2"+ 3 12 fx) =

x
¥+l
1 fix) =smx+ cosx, 0=x=2y

W Ax) =cos’x — 2sinx, 0=x=21x

SECTION 3.3 HOW DERIVATIVES AFFECT THE SHAPE OF A GRAPH n

2 rFl)=ri-1=0, flx<0if|x| =<1,
P =01 = x| <2, Fld=—1if|x|>2
Fox) = 0if =2 = x = 0, inflection point (0, 1)
A rD>0if|x| <2, Fld<0if|x]>2
F=2) =0, lim| 0] = )>0ifx2
M. A0 = F(0) =2 = M4 =6 =0,
Pl =00 <x=<2ord <x=<6,
Flx) =02 <x-<dorx>6,
Ma=0f0<xr<lord<x=<3
My<0fl <x<3ax>3 MA-xi=rfx

25 Fix) = 0and Mx) < 0 forall x

15-17 Find the local maximum and mmimum values of £ using
both the First and Second Denivative Tests. Which method do you
prefer?

15 Ax)=—2
X

15 flx) =1+ 322 — 24 :

1. Ay = —3x

18. (3) Find the critical numbers of fAlx) = x*(x — 1)
(b) What does the Second Drerivatrve Test tell you about the
behavier of F at these eribeal numbers?
() What does the First Denvative Test tell vou?
19. Suppose /" 15 continuous on [—%, o).
(a) If (2) = 0and F(2) = —3, what can you say about 7
(b) If F'{6) = 0 and (6) = 0, what can you say about 7

20-75 Sketch the graph of a function that satisfies all of the given
conditions.
M. Vertical asymptote x =0, M(x) = 0if x < =2,
Fix)=0ifx > -2 (x#0),
M =0ifr=0 Fx)=0ifxr=0

H A0 =r2)=ri4=0,
Pl = 0fx<0or2 = x-=<4,
Fla) = 0f0 <x=<2orx=>4,
MO=0fl<x=<3 Ma)=<0fr<lorx>>3

26. Suppese f13) =2, F(3) =1 and £ix) = 0 and M(x) < 0 for
all x
(a) Sketch a possible graph for £
(b) How many sohiticns does the equation f(x) = 0 have?
Why?
() Is it possible that 2} = +7 Why?

271-2 The graph of the derivative /" of a contmuous function £
is shown.
{a) On what mtervals 15 fincreazing? Decreasing?
(b} At what values of x does [ have a local maximum?
Local minimmm?
{c} On what mntervals 15 f concave upward? Concave downward?
(d) State the y-coordinate(s) of the pomt(s) of inflection.
() Assumung that A0} = 0, sketch a graph of £
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8-40

{a) Find the intervals of increase or decrease.

{b) Find the local maximum and minmmum values.

{c) Find the mntervals of concavity and the mmflection points.

{d) Use the information from parts (2)—(c) to sketch the graph.
Check your work with a graphing device if vou have one.

M Ax)=x"—12x+2 M. Ax)=36x + 3" — 2
N A =2+ 2a? — 2. glx) =200 + 8x' +
B HO=(x+1F—5xr—2 3 Hx =53
B Ad=xb—x 3. Gle) =524 — 2%
0 Ol =2 x+ 4) B Ox)=x—4x
M A8)=2cosH +cos™, 0=#8=2y

M Sx)=x—smx D=r=drm

#1. Suppose the denvative of a funetion F1s
i) = (x + 1)%x — 3)%x — 6)*. On what interval is

increasmg?

42. Use the methods of this section to sketch the curve
y=x" — 3a'xr + 2a°, where ais a posttive constant. What
do the members of this family of curves have in common?
How do they differ from each other?

-4

{a) Use a graph of fto estimate the maximum and mmimum
vales. Then find the exact values.

(k) Estimate the value of x at which f increazes most rapidly.
Then find the exact value.

x+1

o) = ———
fiz) Jxr+1

M fixl=x+2cosx, 0=x=2w

4546
{a) Use a graph of fto give a rough eshmate of the mntervals of

concavity and the coordinates of the points of mfection.
{b) Use a graph of /" to give better estimates.

B f(¥)=cosx+3eosty, 0=y=2x

. fx) = x"'(x - 2)“

47-48 Estimate the intervals of concavity to one decimal place

by usmg a computer algebra system to compute and graph /™.
Al

4. fx) = ——
Jrxt+x+l

M. fix)=

(x+ Dx*+5)
(¥ + Dix*+4)

49. A graph of a population of yeast cells m a new laboratory

51

culture as a function of time is shown

{2) Describe how the rate of population increase vanes.

(b) When 15 this rate higheast?

{c) On what intervals 15 the population function concave
upward or downward?

(d) Estimate the coordinates of the inflection point.

Mumber 300
of 400 +

yeastcells 300 + /

10+ Py
O 2 4 & & 10 12 14 16 I8
Time (in hours)

Let ¢} be the temperature at ime ¢ where you live and sup-
pose that at tme ¢ = 3 you feel uncomfortably hot. How do
vou feel about the given data in each case?

(@) A3 =2, r3)=4

) FE) =2, M3)= -4

() F3)=-2, fM3)=4

(@ F3)=-2, M3)=-4

Let K14 be a measure of the knowledgze vou gain by study-
ing for a test for ¢ hours. Which do you think is larger,
Ki8) — K(7) or K(3) — K(2)7 Is the graph of A concave

upward or concave downward? Why?

52, Coffee 15 being poured mto the mug shown in the figure at a

constant rate {measured m volume per unit fime). Sketch a
rough graph of the depth of the coffee in the mmg as a fime-
tion of time. Account for the shape of the graph in terms of
concavity. What 15 the sipmficance of the inflection point?

-

53. Find a cubic function fix) = ar’ + bx® + cx + o that has

a local maxiomm value of 3 at x = —2 and 2 local minimm
value of 0 at v = 1.



54, Show that the curve y = (1 + x1/(1 + x*) has thres points
of inflaction and they all lie on one straight hne.

BE. (a) If the function fx) = x* + ax® + bx has the local mumi-
mum value —7'} Vi atx= 1,-"\.-"'3_: what are the values of a
and &7
(b) Whuch of the tangent lines to the curve in part (a) has the
smallest slope?

B6. For what vahies of a and bis (2, 2.5) an inflection pomnt of
the ewrve ¥y + ax + by = 07 What additional inflection
points does the curve have?

51. Show that the inflection points of the curve ¥ = r 5in x lie on
the cur\:e_yl(xl + 4) = 4x%.

5860 Assume that all of the functions are twice differentizble

and the second denvatves are never 0.

5B. (a) If £ and g are concave upward on f, show that £+ gis
concave upward on [
(b) If £ is positive and concave upward on [, show that the
function gl x) = [ flx)]* is concave upward on [

5. (a) If  and g are positive, increasing, concave upward func-
fiens on {, show that the product function fj is concave
upward cn /.

(b) Show that part (2} remams true if / and g are both
decreasing.

() Suppose f 1s increasing and g 15 decreasing. Show, by
giving three examples, that /i may be concave upward,
concave dewnward, or linear. Why doesn’t the argument
m parts (2} and (b) werk in this case?

60. Suppose £ and g are both concave upward on {—=, ).
Under what condition on £ will the composzite function
Mx) = flglx)) be concave npward?

61. Show that tan x = x for 0 <~ x = /2. [Hine Show that
flx) = tan x — x is increasing on (0, 7/2).]

62 Prove that, for all x > 1

]

- 1

i =3 ——

63. Show that a cubic function (a third-degree polynomaial)
abways has exactly one point of mflection. If 1t graph has

[

67.

0.

n

three v-mtercepts x1, a2, and x:, show that the r-coordinate of
the mflection point is (x + x: + )3

For what values of ¢ does the polynomaal

HAx) = x* + ex’ + x* have two inflection points? One mflec-
tion point? None? Nlustrate by graphing P for several values of
c. How does the graph change as ¢ decreases?

Prove that if (¢, flc)) is a point of inflection of the graph
of fand /" exists in an open interval that contains c, then
fMic) = 0. [Hint: Apply the First Denvative Test and
Fermat’s Theorem to the function g = ]

Show that if M x) = »*, then (1) = 0, but {0, 0) is notan
inflection point of the graph of 1.

Show that the finetion g(x} = x| x| has an mflection point at
(0, 0) but g"(0) does not exist.

Suppose that /™ is continuous and Mc) = FMc) = 0, but
™c) = 0. Does f have a local maximum or minimum at &7
Does £ have a point of inflection at 7

Suppose [ iz differentiable on an mterval [ and Mix) = 0 for
all oumbers x in  except for a single number ¢ Prove that 15
increasing on the entire interval /.

For what values of ¢ is the function

A= + ———
X = ex x+3

increasing on { —o, w7

The three cases m the First Derivative Test cover the situations
one commonly encounters but do not exhaust all possibihties
Consider the fanctions £ g, and h whose values at 0 are all 0
and, for x# 0,

Ax) = Jr‘si.ui glx) = x“(ﬂ + mi)
x x

hix) = x‘(—z - sinLJ
X

(a) Show that 0 is a cntical number of all three fanctions but
thewr denvatives change sign mfnitely often on both sides
of 0.

(b) Skow that £has neither a local maximum nor a local mini-
mum at 0, g has a local minimum, and /& has a local
maximum.



