m Exercises

1. Explain the difference between an absolute minmmwmm and a
local minimwm.

1 Suppose iz a continmous function defined on a closed
mterval [a, 4]
{a) What theorem guarantees the existence of an absclute max-
imum value and an absolute minimum vahie for 7
(k) What steps would you take to find those maximvm and

pummum values?

3-4 For each of the numbers a, b, ¢, d, r, and 5 state whether the
funchon whose zraph 15 shown has an absolute maximum or min-
mmum, a local maxymum or mmimum, or nerther a maxmum
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7-10 Sketch the graph of a function f that 1= continuous on [1, 5]
and has the given propertias.

1. Absolute minimum at 2, absolute maxmum at 3,
local minimum at 4

8. Absolute mimimoum at 1, absolute maxmum at 5,
local maximum at 2, local mommwmm at 4

9. Absolute maximum at 5, absolate unmum at 2,
local maxioam at 3, local mimma at 2 and 4

10. fhas no local maximum or mmmmum, but 2 and 4 are enibical

numbers

5—6 Use the graph to state the absolute and local maximum and

mimimum values of the fanchon
5 F 6. F:
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11. (2} Sketch the graph of a function that has a local maximum
at 2 and 15 differentiable at 2.
(b) Sketch the praph of a fimetion that has a local maximum
at 2 and 15 continuous but not differentiable at 2.
{c} Sketch the graph of a fimchion that has a local maximum
at 2 and 15 not contimous at 2.

12. (2} Sketch the graph of a finction on [—1, 2] that has an
absolute maxipmm but no local maximum.
(b) Sketch the graph of a fimction on [—1, 2] that has a local

maxmum but ne absohute maxmmum.

13, (a) Sketch the graph of a function on [—1, 2] that has an
absolute maxinmm but no absolute minipum.
(k) Sketch the graph of a funchon on [—1, 2] that 15 discontm-
wous but has both an absolute maxinouwm and an abzolute

14. (2} Sketch the graph of a function that has two local maxima,

one local mommuom, and ne absolute mmimum.



(&) Sketch the graph of a function that has three local

minima, two local maxima, and seven entical pumbers,

15-28 Sketch the graph of F by hand and use your sketch to
find the absolute and local maomum and mimmum values of £
(Use tha graphs and transformations of Sections 1.2 and 1.3)

15 A =33 — 1), x=3

6 Ad=2—1r, x=-2

M Ax=1/x, x=1

18 A=1/x, 1l=x<3

19 fiyy= siny, 0=x=<x/2

A fiv= sinx, 0<x=x/2

N fix)= sinx, —w/1=x=x2
B A =cost, —-3Imfl=i=3igf2
B Ad=1+ix+1), —2=x=<3

M fx)=|x
5 Ad=1-.%
B ix)=1-x
1—-x fdl=x<2
a- “‘]_{21—4 f2=x=3

4—x F-2=x=<0

2x—1 f0=x=2

A fig = {
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. A =2 -3r - 12x+1, [-2,3]

8 Ax)=x"— 6 +3, [-3.5]
8, A =% -4 - 1222+ 1, [-2,3]
8. flx) = (¥ —1), [-1,2]
B1. flx) —x + % [0.2, 4]
X
2. fx) =T [0, 3]
Bl M) =4 — 2, [-1,2]
5. A =378 —a, [0,8]
B5. f6) =2cos¢+ s 2¢ [0, w/2]
B6. A¢) =1+ cot(ef2), [w/4, Tw/ 4]

29-42 Find the cntical mumbers of the funchon.

B fid=4+ir—30 W F(x) =x" + 6x' — 15k
. Al =2x" — 3’ — 36x 32 flx =20 +x" + 2x
RBod=+F+67+1 W ol =|3r—4

y—1 p—1
B gy = ——— 36 hip) =
yr—y+l1 P

0. b)) =M — 24
1. A0 = x"(x — 4)*
M. A#) = 2 cos# + sin’#

W glx) = P el
80. g(#) =46 — tan @
42 glx) =41 — x*

51. If 2 and b are positive numbers, find the maximum value
of lx) =wl —x)® . 0= xr=1

E B8. Use a graph to estimate the cnfical numbers of

Az =|x" — 32" + 2| comect to one decimal place.

] sa-62

{a) Usze a graph to estimate the absolute maximum and mmimum
vales of the function to two decimal places.
{b) Use caleulus to find the exact maximum and minimwmm valees.

B, flx)=x" —x'+2, —-l=x=1
B0 fidd=xr" - +3—x, O0=x=2
B1. flx) = w2 — x*F

6L Ax)=x—2cosx, —2=x=0

ﬁ 43-44 A formula for the derivaive of a fancton £ is given. How

many critical oumbers does  have?

210 sin x
¥ —6x+ 10

100 cos®
Mo =— =

Q=14+ k
= 10+

45-56 Find the absohite maxmum and absolute mimmum values
of [ on the given interval.

8 flx) =12 + 4x — x* [0,5]
8. fx) = 5 + S4x — 20%, [0,4]

3. Between 0°C and 30°C, the volume ' (in cubic centimeters)
of 1 kg of water at a temperature | is given approximately by
the formula

V= 99987 — 0.06426 7 + 0.00830437* — 0.0000679 1

Find the temperature at which water has its maximum
density.

6. An object with weight W 1z dragged along a horizontal plane
by a force acting along a rope attached to the object. If the
rope makes an angle # with the plane, then the magmtde of
the force 15

__ uW
- psing + cosd
where u 15 3 positive constant called the coefficient|s) af fric-

tion and where 0 = # = /2. Show that iz minmmized
when tan # = p.
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CHAPTER 3 APPLICATIONS OF DIFFERENTIATION

A model for the TUS average pnice of a pound of white sugar
from 1993 to 2003 15 given by the function

o) = 000003237 + 0.0009037¢* — 0.008936+°
+ 0.03629:° — 0.04458; + 0.4074

where {15 measured in vears since August of 1993, Estimate
the times when sugar was cheapest and most expensive dur-
ing the period 1993-2003.

On Mayv 7, 1992, the space shuttle Fndeavour was launched
on mission STS-49, the purpose of which was to install a
new penigee kick motor in an Intelsat communications satel-
Lite. The table gives the velocity data for the shuttle between
Liftoff and the jettizoning of the solid rocket boosters.

air to escape in a fixed fime, 1t must move faster through the
narrower channel than the wider one. The greater the velocity
of the awrstream, the greater the force on the foreign object.
X rays show that the radius of the corenlar racheal tube con-
fracts to about two-thirds of 1ts normal radius during a cough.
According to a mathematical model of coughing, the velocity
v of the airstream is related to the radms r of the trachea by
the equation
vin) =kl — )

where k is a constant and ry 15 the normal radius of the
trachea. The restniction on ris due to the fact that the tracheal
wall stiffens under pressure and a confraction greater ﬂ:laJ:L-lfr:.
15 prevented (otherwise the person would suffocate).
(a) Determine the value of r m the mierval [l_n n_‘) at which

p has an absolute maximum. How does this compare with

expenmental evidence?

[ -
Th=r=n

Event Time (5 Velocity (f/5) (b) What 15 the absolute maximum value of v on the mmterval?
py—— 5 P (e} Sketch the graph of v on the mterval [0, ry].
Bagin roll maneuver 10 185 B8. Show that 5 is a entical number of the function
End roll maneuver 15 31 _ _ sy
Throttle to 85% 20 447 gl =2+ (x—3)
Throttls to §7% 32 742 but g does not have a local extreme value at 3.
Throttle to 104% 59 1325 B9. Prove that the function
Maximum dynamic pressure 62 1445 o .
Solid rocket booster separation 125 4151 fld=x" + ' +x+1
has nerther a local maximum nor a lecal mimimum.
(3) Use a graphmg caleulator or computer to find the cubie M. If 1 has a local mininmm value at ¢, show that the function
polynomial that best models the velocity of the shuttle for glx) = —f(x) has a local maximum vahe at c.
the time interval ¢ £ [0, 125]. Then graph this polynomial B ) .
(b} Find 2 modsl for the acceleration of fhe shuttle and use it n. Pr\.cnl'e Fermat's Theorem for the case m whach [ has a loeal
to estimate the maximum and minmmum values of the mummnm af ¢.
acceleration during the first 125 seconds. 72, A cubic function is a polynomial of degree 3; that is, it has
the form fx) = ax’ + bx® + cx + o, where a # 0.

67. Whken 2 foreign object lodged in the trachea (wmdpipe) (a) Show that a cubie fimetion can have two, one, or no eriti-
forces a person to cough, the diaphragm thrusts upward caus- cal mumben(s). Give examples and sketches to illustrate
ing an increase in pressure in the lungs. This 15 accompanied the three possibilifies.
by a contraction of the trachea, making & narmrower channel (b) How many local extreme values can a cubic funchon
for the expelled air to How through. For 2 given amount of have?

APPLIED PROJECT THE CALCULUS OF RAINBOWS

Formation of the primary rainbow

of rainbows.

Raimbows are created when raindrops scatter sunlight. They have fasemated mankind since
ancient times and have inspired attempts at seientific explanation since the time of Aristotle. In
this project we use the ideas of Descartes and MNewton to explain the shape, location, and colors

1. The figure shows a ray of sunlight entering a sphenical raindrop at 4. Some of the Light is
reflected, but the line AR shows the path of the part that enters the drop. Motice that the hight
15 refracted toward the normal line A() and in fact Snell’s Law says that sin e = kzin B,
where & 15 the angle of incidence, 2 is the angle of refraction, and k = % 1= the mdex of
refraction for water. At H some of the light passes through the drop and is refracted into the
air, but the line B shows the part that is reflected. (The angle of mcidence equals the angle
of reflection.) When the ray reaches [, part of it is reflected, but for the time being we are
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more interested in the part that leaves the ramdrop at . (Notice that it is refracted away
from the normal kine.) The angle of deviation [Xa) is the amount of clockwise rotation that
the ray has undergone duning this three-stage process. Thus

Da)=(a—B)+(m—-28+(a—B)=w+2a—48

Show that the minimum value of the deviation is [Xa) = 138° and occurs when a = 59.4°.
The significance of the minimum deviation 15 that when a = 59.4° we have [J(a) = 0, 50

AD)/Aa = 0. This means that many rays with @ = 59.4° become deviated by approximately

the same amount. It 15 the concentration of rays coming from near the direction of mimimum

deviation that creates the brightness of the pnimary rainbow. The figure at the left shows

that the angle of elevation from the observer up to the highest pomt on the rainbow 15

180 — 138° = 42°. (This angle 15 called the rainbow angle.)

2. Problem 1 explains the location of the pnmary ramnbow, but how do we explam the colors?
Sunlight compnses a range of wavelengths, from the red range through orange, vellow,
green, blue, mdigo, and violet. As Newton discovered m his prism expermments of 1666, the
mdex of refraction 15 different for each color. (The effect 15 called dispersion) For red light
the refractive mdex 15 & == 1.3318 whereas for violet light 1t 15 & = 1.3435. By repeating the
calculation of Problem 1 for these values of & show that the rainbow angle is about 42.3° for
the red bow and 40.6° for the violet bow. So the rambow really consists of seven individual
bows corresponding to the seven colors.

3. Perhaps you have seen a fa1 dary ramnbow above the primary bow. That results from
the part of a ray that enters a raindrop and 15 refracted at A, reflected twice (at #and (), and
refracted as it leaves the drop at /) (see the fizure at the left). This time the deviation angle
IXc) 15 the total amount of counterclockwise rotation that the ray undergoes in this four-stage
process. Show that

DNa) =2a — 68 + 27
and /Xa) has 2 minimum value when

-1
8

cos ax =

Takingk=§,showﬁuﬂhgmi.nimumdgviaﬁonisabmn 129° and so the rainbow angle for
the secondary rainbow 1s about 51°, as shown in the figure at the left.

ite order from those m the
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4. Show that the colors in the dary rambow appear in the
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