L8 Exercises

1-4 Find the linearization {ix) of the function at a 11-14 Find the differential of each function.
L Ax)=x*+3? a=-1 2 flx)==mx, a=m/6 1. (a}_}'=x:sin21 B y=+1+¢
3 A =vx, a=4 4 A =x" a=16 12 (a) y = s/{1 + 23) (B) y= weos u
= — —~ 1 —¢t
| 5. Find the linear approximation of the function l"(x‘.li"l —x 13. () y = tamn /¢ ®) y= 1+
at a = 0 and use it to approxumate the numbers /0.9 and
+/0.99 . hustrate by graphing f and the tangent line. W () yp=1(r+ tan £)° B y=A+z+ 1/
(| 6. Find the linear approximation of the function glx) = J1 + x
at 2 = 0 and use it to approximate the numbers H0.95 and 15-18 (a) Find the differential oy and (b} evaluate oy for the
+/1.1. Hlustrate by graphing g and the tangent line. given valnes of x and dx
7-10 Verify the given linear approximation at a = 0. Then deter- & y=tmx x=m/4 dr=-01
mine the values of x for which the linear approximation 15 accu- 16. y=cosmx, x= 1 dr=-002
te to withm 0.1 —
e 1 y=+3+x% x=1 dr=-01
L4T+3r=1+1x . (1+0%=1-3x e
18 y=—— =2, de=0035
9 11 +2xF =1 — 8x M0 tanxe=x yYeT-r e
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19-22 Compute Ay and dy for the given values of rand dv = Ax
Then =ketch a diagram like Figure 5 showing the line segments
with length= dx, oy, and Ay

19 y=2x—x*, x=2, Ar=-04
0 y=,r xr=1 Ar=1
Hoy=20k x=4 Ar=1
Ry=x, x=1 Ar=1035

1128 Use a linear approximation (or differentials) to estimate the
given mumber.

. (1.999)*
6. 1/4.002

1001

M. sin1°

F.3
2. tan 44° M /998

o

29-30 Explam, in terms of linear approximations or differentials,
why the approximation is reasonable.

29 sec 008 =1 0. (1.01)° = 1.06

31. The edge of a cube was found to be 30 cm wnth a possible ewor
in measurement of 0.1 cm. Use differentials to estmate the
maximum possible error, relative error, and percentage emror in
computing (2} the volume of the cube and (b} the swface area
of the cube.

32, The radius of a crcular disk 15 given as 24 cm with a max-
mum erver in measurement of 0.2 cm.
{2} Use differentials to estimate the maximum emor in the cal-
culated area of the disk.
(k) What 15 the relative error? What 15 the percentage emror?

33. The cucumference of a sphere was measured to be 84 cm wiih
a possible error of 0.5 em
(2} Use differentials to estimate the maximum emor in the
caleulated surface area. What is the relative error?
(k) Use differentials to estimate the maximum ermor in the
caleulated volume. What is the relative emmor?

3. Use differenials to estimate the amount of paint needed to
apply a coat of paint 005 em thick to a hemispherical dome
with diameter 50 m.

35, (2} Use differentials to find a formula for the approxmmate vol-
ume of a thin eyhindneal shell with height b, inner radius r,
and thickness Ar.

(b) What 15 the emor invelved in using the formula from
part ()7

36. One side of a nght mangle 1= known to be 20 cm long and the
opposite angle 15 measured as 307, with a possible emror
of =1°
(2} Use differentials to estimate the emmor in computing the

length of the hypotenmsa.

(&) What 15 the percentage erroe?

37. If a cwrent { passes through a resistor with resistance £ Ohm’s
Law states that the voltage drop is V'= H[ If I is constant and

H iz measured with a certain ervor, use differentials to show
that the relative error in caleulating { is approximately the same
{in magmtude) as the relative error im /£

38. When blood flows along a blood vessel, the flux # (the volume
of bloed per unat time that Hows past a grven point) is proper-
tional to the fourth power of the radins / of the blood vessal:

F=kf
(This is known as Porsewlle’s Law; we will show why it
15 true 1n Section §.4.) A partially clogged artery can be
expanded by an operation called anmoplasty, in whach a
balloon-tipped catheter 15 mflated mside the artery in order
to widen 1t and restore the normal blood How.

Show that the relative change m /15 about four times the
relative change in # How will 2 5% mcrease in the radius
affect the flow of blood?

39. Establish the followmg rules for workmg with differentials
(where ¢ denotes a constant and » and v are functions of x).
(a) de=10 b)) dicu) = cau
(c) dlu + v) = du + o (d) dlur) = wdp + v du

(E}ﬂ{-%)= l,'d.';”dﬂ

40. On page 431 of Physics: Caloulus, 2d ed | by Engene Hacht
(Pacific Grove, CA, 2000), in the course of deriving the
formmula 7= E'Irw.-"m for the penied of a pendulum of length
L, the author obtains the equation ar = —gsin# for the tangen-
t1al acceleration of the bob of the pendulum. He then says, “for
small angles, the value of § 10 radians 15 very nearly the value
of sin #; they duffer by less than 2% out to about 20°."

(a) Venfy the linear approximation at { for the =mne fincton:

(F) dix®) = me" ' dx

5In X = X

Eﬁ (b) Usze a graphing device to deternune the values of x for

which sin x and x differ by less than 2%. Then venfy
Hecht's statement by converting from radians to degrees.

41. Suppose that the only nformation we have about a funchon £
1s that /(1) = 5 and the graph of its dervative 15 as shown.
(a) Use a linear approximation to estimate f0.9) and A1.1).
(k) Are your estimates in part () too large or too small?
Explam.

7
k.

y= flix]

42. Suppose that we don’t have a formula for g{x) but we know
that g(2) = —4 and g'{x) = J*T + 5 forall x
{3} Use a linear approximation to estimate gi(1.93)
and 9(2.05).
(b) Are your estimates in part (a) too large or too small?
Explain.



n Review

Concept Check

1. Write an expression for the slope of the tangent line to the
curve y = flx) at the point (a, fa)).

2. Suppose an object moves along a straight line with position
F(£) at time ¢ Write an expression for the instantaneous veloc-
ity of the object at time ¢ = a. How can you interpret this
wvelocity in terms of the graph of /7

3 If p = flx) and x changes from x; to x:, Write expressions for
the following.
() The average rate of change of ywith respect to x over the
interval [x, x2]
(b)) The instantanecus rate of change of v with respect to x
at x = x.

4, Define the denvative £'{a). Discuss two ways of inferpreting
this number.

B {2) What does 1t mean for [ to be differentiable at a7
(b) What is the relation between the differentiability and
contimuty of a function?
(c) Sketch the graph of a function that 15 confinuous but not
differentiable at a = 2.

6. Diescribe several ways m which a funchion can fal to be
differentiable. Illustrate with sketches.

1. What are the second and third derivatives of a funetion 7
If fis the position funchion of an object, hbow can vou inter-
pret " and ™7

B State each differentiation rule both in symbols and in words.
(2) The Power Rule {b) The Constant Multiple Rule
() The Sum Rule {d) The Difference Rule
(2} The Product Fule (f) The Quotient Rule
(g) The Cham Eule

9. State the denvative of each funchon

(a) y =" () y=snx () y=ecosx
(d) y=tanx (8) y=tscx (f) y=secx
(g} y = cotx

10. Explain how implicit differentiation works.

11. Give several examples of how the denvative can be interpreted
as a rate of change in physics, chemustry, biclogy, economics,
or other sclences.

12. (2) Wnite an expreszion for the lineanzation of (at a.
(b) If y = £x), write an expression for the differential dy.
() If dv = Ax, draw a picture showing the peometric mean-
mes of Ay and dy.
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Exercises
1. The displacement (in meters) of an object moving in a straight
lmeisgivenby s =1+ 2¢ + _I;!:,Whue f 15 measured in
seconds.
(2) Find the average velocity over each fime period.
(i) [1.3] (i) [1.2]
() [1,1.5] () [1,1.1]

(b) Find the instantaneons velocity when ¢ = 1.

2. The graph of {15 shown. State, with reasons, the pumbers at
which [is not differentiable.

L |
il
" x"l I. _./.
- AN _// {
y _q O | X
S | 2 \ 4 | [
LY J
A

3-4 Trace or copy the graph of the funchion. Then sketch a graph
of 1tz derivative directly beneath

B. The figure shows the zraphs of £, /7, and /. Identify each
curve, and explam vour choices.

6. Find 2 function [ and a number a such that

R+ -
H—h = f1a)
1. The total cost of repaving a student loan at an mterest rate of
r% per vear is £ = fir).
(a) What is the meaning of the derivative £(r)7 What are it=
units?
(b) What does the statement £(10) = 1200 mean?
(e) Is Fr) always positrve or does 1t change sign?

B The rotal fertility rate at ime ¢, denoted by M4, iz an esti-
mate of the average mumber of children born to each woman
(assuming that cwrent birth rates remam constant). The zraph
of the total fertility rate in the United States shows the fluctua-
tions from 1940 to 1990,

(a) Estimate the vahies of F{1950), F1965), and F{1987).
(b) What are the meaning= of these denvatives?
(&) Can you suggest reasons for the values of these

derivatives?
L
15 baby _—,
- boom // \\
A b
EXIE Y baby
,’/ I.'-. st
A e
- y=Fit) . baby
boomlet
¢ ) - A F_‘_.-
20 x\\_,._ _ .
L5+
1940 1950 1960 1970 1980 joon !

9, Let (1) be the total value of US cuwrrency (coins and bank-
notes} m circulation at time & The table gives values of this
function from 1980 to 2000, as of September 30, m bilhons of
dollars. Interpret and estimate the value of C"(1990).

f 1980 | 1985 | 1990 | 1905 | 2000

i 1299 | 1873 | 2710 | 4083 | 5686

10-11 Find {x) from first principles, that 15, dwectly from the def-
imtion of 2 derivative.

4 —-x
I+ x

0. flx) = N Ad=x"+5r+4

1L (a) If Alx) = /3 — 3x, use the definition of a derivative to
find x).
(b)) Find the domains of f and
() Graph fand /' on a common screen. Compare the graphs
to see whether your answer to part (a) is reasonable.

13-40 Calculate .

1 1
13 v= (x4 2 " y= = T =
- - WX o
¥—x+2 tan x
15 y=—"—7—7 B y=—7""
- X - 1+ rcosx

17. p=x"sin 7x

18 y= (x+ L:J .
x
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fa |
3

W=

H. y = sinfcos x)

N y=tamy1 —x ny=

sin(x — sin x)

B y'+iy=x+3 M.y =sec(l + &%)

sec 2@

’ o= —
R gr—y

26. xicosy + sm2y =ay

y=il-x"" M oy=1x+x

B, sinlxy) = — § W. y=ysin/x

(x+ A)*
.y = cot(3cl + 3) -
¥ = coti y=tty
B oy= Jreosx 24 )‘=ﬂ
x
¥ y = tan'(zin d) B xtany=y—1
R (x— 1)(x — 4)
R T -
I y=rtanx !y = 2(x—3)

B, y = sinfltan VT + 27)

. y=sm’ (msw.-"sin ﬂx}l

8. I () =% + 1, find /2.
82, If g{#) = # sin @, find g"(w/6).
43, Find y"if 2" + p*= L.

8. Find (2} if Alx) = 1/(2 — x).

4545 Find the limit.
5 3
8. lim—— 8. Tim —

=0 1 — sin x i tan’ 2¢

47-48 Find an equation of the tangent to the curve at the given
point.

) x -
. y=4sm'x, (w/6,1) 48 v =

1
- 10, -1
.l"+1’l, !

4950 Find equations of the tangent line and normal hne to the
curve at the given point.
8 y=yT+4smx, (0,1)

B & +4dxy+ =13, (2,1

B. (@) If flx) = x5 — x, find F{x).
(k) Find equations of the tangent lmes to the curve
¥ = x5 — x at the points (1, 2) and (4, 4).
{2} Nlustrate part (b) by graphmg the curve and tangent hines
on the same screen.
{d} Check to see that your answer to part (a) 15 reasonable by
comparing the graphs of fand

A

B2 (a) Iff(x) =4x —tanx, —7/2 < x < w2, find f" and "
(b} Check to see that vour answers to part (a) are reasonable

by companng the graphs of £ 7, and ™

Bl. Atwhatpomts on the curve y=sm x + cos x, 0 = x = 27,
is the tangent line honzontal?

54 Find the points on the ellipse ¥* + 2)* = 1 where the
tangent line has slope 1.

5. Find a parabela y = ax’ + hx + ¢ that passes through the
pount (1, 4) and whose tangent lmes atx = —l and x = 5
have slopes 6 and —2, respectively.

56. How many tangent lines to the curve y = x/(x + 1) pass
through the point (1, 2)7 At which points do these tangent
lines touch the curve?

Bl. If flx) = (x — allx — b)(x — c), show that

Mo 1 1 1
i

B. (a) By dufferentiating the double-angle formula

X —a

) 3
cos 2x = cosw — sin'x

obtain the double-angle formula for the sine funchion.
(b} By differentiating the addition formmula

sinf{x + &) = sin x cos a + cos v sin a
obtam the addihon formula for the cosime fanchon

59, Suppose that Ax) = fx)glx) and Fix) = A glx)), where
A2)=13,42)=35412) =4, M2) = -2, and F{5) =11
Find (3) 412) and (b) £(2).

B0. If / and g are the functions whose graphs are shown, let
Ax) = flx)glx), Xx) = flx)fg(x), and Clx) = A glx).
Fimd (a) F12), (b) (M2), and () C12).

a;
i
N
L] I B
61-68 Find " in terms of g'.
B1. flx) = x'gix) 62 fix) = glx")

63 Ax) = [glaT B4 Fix) = x"glx*)

85 fx) = glglxl)

6. flx} = glsin x)

B6. fx) = sinlglx))

68 F(x) = gltan vx)




f-71 Find &' m terms of " and g'.

_flxdgl) _ [
69. hix) = 700 + o9 M. hix) = -\II e

M. hix) = A gisin 4x])

T2. A particle moves along a honzontal Line so that its coor-
dinate at tme fisx = +'b* + ¢*¢*, ¢ = 0, where b and ¢
are posiive constants.

(2) Find the velocity and acceleration funchons.
(k) Show that the particle always moves in the positive
direction.

T73. A particls moves on a vertical line so that its coordinate at
time fis p=1' — 12¢4 3, 6= 0.

(2) Find the veloeity and acceleration funchions.

(k) When 15 the parficle moving upward and when 15 1t
moving dowoward?

{c} Find the distance that the paricle fravels in the tme
interval 0 = ¢ = 3.

{d) Graph the posihon, velocity, and acceleration funchons
for 0 = = 3.

(e) When 15 the particle speeding up? When iz it slowing
down?

4. The volume of a right cireular cone is V= 7 r'h where
ris the radms of the base and A is the height.
(2) Find the rate of change of the volume with respect to the
height 1f the radms is constant.
() Find the rate of change of the volume with respect to the
radius if the height 15 constant.
T5. The mass of part of a wire 15 zi:l + x;) kilograms, where
x15 measured in meters from one end of the wire. Find the
linear density of the wire when v = 4 m.

T6. The cost, in dollars, of producing x uwmts of a certain com-
modity 15
Ol = 920 + 2x — 0.02x° + 0.00007%°
{2} Find the margmal cost funchon.
(&) Find C'(100) and explain its meaning.
(c) Compare C(100) with the cozt of producing the
1015t item.

T7. The volume of a cube is increasing at a rate of 10 em’/min.
How fast is the suwrface area inereasing when the length of an
adge 15 30 cm?

T8. A paper cup has the shape of a cone with height 10 cm and
radms 3 cm (at the top). If water 1= poured mnto the cup at a
rate of 2 em’/s, how fast is the water level rising when the
water 15 5 cm deep”

19. A balloon is nsing at a constant speed of 5 fi/=. A boy 1=
cycling along a straight moad at a spead of 15 ft/s. When he
passes under the balloon, it 15 45 ft above lnm How fast1s
the distance between the bov and the balloon ncreasing 3 s
later?
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B0. A waterskier skis over the ramp shown in the figure at a
spaed of 30 ft/s. How fact is she rising as she leaves the

%

fﬁl“ﬂ
f——15ft —|

Bl. The angle of elevation of the sun 15 decreasing at a rate of
0.25 rad /h. How fast is the shadow cast by a 400-ft-tall
bulding merveasing when the angle of elevaton of the sun
15 /67

F] 82 (2) Find the linear approximation to flx) = 23 — &7

near 3.

(k) Nustrate part {a) by graphing " and the hnear
approximation.

() For what values of x 15 the linear approximation accurate
to within 0.17

#3. (3) Find the hneanzation of f(x) = 41 + 3x ata = 0. State
the cowresponding linear approximation and use it to give
an approximate value for - 1.03
(b) Deternmne the values of x for which the linear approx-
imation given in part () 15 accurate to within 0.1.

. Evaluate dyif p=x" — 22" + 1, x =2, and dx = 0.2

8. A window has the shape of a square swmounted by a semm-
circle. The base of the window 15 measured as having width
60 cm with a possible error m measuwrement of 0.1 em. Use
differentials to estimate the maximum error possible in com-
puting the area of the window.

B85-80 Express the limit as a derivative and evaluate.

af o

- W
—l x—1 0 h

=1

cos 8 — 0.5

B
] !:||—'JT.|"']I

/1 +tanx — 41 + =1
8. Evaluate lim = - =
.

%0. Suppose f is a differentiable function such that Mg(x)) = x
and F{x) = 1 + [A2)]. Show that g"{x) = L/(1 + x7).

91. Find /(x) if it 1z known that
d
E[ .I"(Ex‘l] = x?
92, Show that the length of the portion of any tangent lme to the

astroid 2% + 3% = 2% cut off by the coordinate axes is
constant.



