Exercises

1-4 A particle moves according to a law of motien s = f¢), 1. The height (in meters) of a projectile shot vertically upward
¢ = 0, where ¢ is measured in seconds and s in foet. from a point 2 m above ground level with an mitial velocity
(a) Find the velocity at time £ of 24 5mfs1s b =2 + 24 5¢ — 4.9¢* after ¢ seconds.
(b) What 15 the velocity after 3 57 (2) Fmd the velocity after 2 s and after 4 =.
() When is the particle at rest? (b} When does the projectile reach 1ts maximum height?
(d) When is the particle moving in the positrve direction? (c) What 15 the maomum height?
(e) Find the total distance traveled during the first 8 5. {d} When does 1t hat the ground?
(f) Draw a diagram like Figure 2 to illustrate the motion of the (&) With what velocity does it hit the ground?
(g ?::‘:1 acesleration at time ¢ and after 3 =, B. If a ball is thrown vertically upward with a velocity of i
aﬂ (k) Graph the position, velocity, and acceleration finctions 80 /s, ﬂ:I.EI:I mhug].lt after !.secunds is 5 = 80¢ — 164~
forD = ¢= &, (a) What is the maximum height reached by the ball?
(i) When i the particle speeding up? When i it slowing down? (b} What is the. velocity ufthe.ball when 1t 15 96 ft above the
ground on its way up? On its way down?
1. fd =8 — 126 + 36¢ 2 () =001 — 0,048

9. If a rock 1s thrown vertically upward from the surface of
1 ft) = cos(mef4), =10 4 fl =1 + Mars with velocity 15 m/s, its height after ¢ seconds is
h =151 — 1.86¢%
{a) What is the velocity of the rock after 2 =7

5. Graphs of the velocity funchions of two particles are shown, {2} What is the velocity of the rock when its heightis 25 m
where ¢ is measured in seconds. When is each particle speed- on its way up? On its way down?
) " o a .
o b When is it slowing h;’;' Explain. 10. A particle moves with position function
7N K/ s=r' —4°0—20F +20c =0
} \\ } - } ;\‘ — (a) At what ime does the particle have a velocity of 20 m/s7?
o ‘ oo ‘ (b} At what time is the acceleration 07 What is the
\ \ significance of this value of ¢7
1. (a) A company makes computer chips from square wafers
6. Graphs of the position functions of two particles are shown, of silicon. It wants to keap the side length of 3 wafer very
where ¢ is measured in seconds. When is each particle speed- cloze to 15 mm and it wants to know how the area A(x)
ing up? When is it slowing down? Explain_ of a2 wafer changes when the side length x changes. Find
(@} s . ) s A'(15) and explain its meaning in this situation.
- \ (b} Show that the rate of change of the area of a square with
,.ff \ J S respect to its side length iz halfits perimeter. Try to
/ — - i/ ' ' \\. — explain geometncally why this 15 ttue by drawing a
o t o 1 / t square whose side length x is mereased by an amount Ax.
'-\ /_-' Hc-'n..' can you approximate the resulting change in area
Adif Avis small?

Graphing calculator or computer required 1. Homework Hints available at stewartcalculus com
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(a) Sodium chlorate crvstals are easy to grow in the shape of
cubes by allowing a solution of water and sodium chlorate
to evaporate slowly. If Vis the volume of such a cube with
side length x, calenlate o Fdy when ¥ = 3 mm and explain
its meanng.

(k) Show that the rate of change of the volume of a cube with
respect to 1fs edge length 15 equal to half the swrface area of
the cube. Explamn geometrically why thes result 15 true by
arguing by analogy with Exercise 11(b).

(a) Find the average rate of change of the area of a cirele with
respect to its radius ras r changes from
(1) 210 3 (n) 2t0 25 (m) 2tall

(&) Find the instantanecus rate of change when r = 2.

(c) Show that the rate of change of the area of a cwele with
respect to its radms (at any r) 15 equal to the circumference
of the circle. Try to explain geometrically why this 15 true
by drawing a cirele whose radius 15 increased by an amount
Ar. How can vou approximate the resultmg change in area
Ad if Ar is small?

A stone 1= dropped into a lake, creating a eircular ripple that
travels outward at a speed of 60 cm /5. Find the rate at which
the area within the cirele 15 increasing after (a) 1 s, (b) 3 s,
and (¢} 5 5. What can youn conclude?

A sphenical balloon 15 being mflated. Find the rate of increase
of the swrface area (5§ = 47r) with respect to the radis r
when ris (3) 1 £, (b) 2 f and (c) 3 £ What conchision can
vou make?

(a) The volume of a growing spherical cell is V' = iq']?f‘, where
the radins r is measured i micrometers (1 pm = 10 % m).
Find the average rate of change of " with respect to r when
r changes from
(1) 5to0 8 pm (n) 5to 6 pm (m) 5to 51 pm

(b) Find the instantaneous rate of change of | with respect to r
when r = 5 pm.

(c) Show that the rate of change of the volume of a sphere with
respect to its radius is equal to its surface area. Explain
geometnically why this result 15 true. Argue by analogy with
Exercise 13(e).

The mass of the part of a metal rod that lies between 1ts left
end and a point xmeters to the right 1s 31" kz. Find the linear
density (see Example 2} when v 15 (3) 1 m, (b) 2 m_ and

(c} 3 m. Where 15 the densify the highest? The lowest?

If a tank holds 3000 gallons of water, which drains from the

bottom of the tank in 40 minutes, then Tormicelli’s Law gives

the volume | of water remaining in the tank after ¢ minutes as
F=s000(1 - 5d° O0=¢=40

Find the rate at which water 15 dramnimg from the tank after

(2} 5 min, (&) 10 min, (c) 20 min, and (d) 40 mm. At what time

15 the water Howing out the fastest? The slowest? Summarize

vour findmgs.
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The quantity of charge (Jin coulombs (C) that has passed
through a point in a wire up to time ¢ (measured in seconds) 1s
given by (X} = ¢ — 2¢* + &¢ + 2. Find the cwrent when
(a) ¢ = 0.5 s and (b) ¢ = 1 5. [See Exampla 3. The unit of cur-
rent 15 an ampere (1 A = 1 C/5).] At what time s the cwrent
lowest?

MNewton's Law of Gravitation says that the magmitude F of the
force exerted by a body of mass m on a body of mass Mis

 CmM
s

F

where (7 15 the gravitational constant and r 15 the distance

between the bodies.

(a) Find dFf dr and explain its meaning. What does the minus
sign indicate”

(k) Suppose 1t is known that the earth attracts an object with
a force that decreases at the rate of 2 MN/km when
r= 20000 km. How fast does this force change when
r= 10,000 km?

The force Facting on a body with mass m and velocity v 15 the
rate of change of momentum: ' = (&/df)(nw). If mis constant,
this becomes F'= ma, where a = d/dt is the acceleration. But
in the theory of relativity the mass of a particle varies with v as
follows: m = maf+/1 — v3c?, where my is the mass of the

particle at rest and c is the speed of hght. Show that

mga

T

Some of the highest tides in the world oceur in the Bay of
Fundy on the Atlantic Coast of Canada. At Hopewell Cape the
water depth at low tide 15 about 2.0 m and at high fide 1t 15
about 12.0 m. The natwral peniod of oscillanon 15 a litfle more
than 12 hours and on June 30, 2009, luzh fide occmred at
6:45 AM. This helps explain the following model for the water
depth [} in meters) as a function of the time ¢ (i hours after
midnight) on that day:

A =7 + 5 cos[0.503(¢ — 6.75)]

How fast was the tide nsing (or falling) at the followmg times?
() 3:00 AM &) 6:00 AM
(c) 9:00 AM {d) Noon

F

Boyle's Law states that when a sample of gas 15 compressed at
a constant temperature, the product of the pressure and the vol-
ume remains constant: PV = .
{2} Find the rate of change of vohune with respect to pressure.
(k) A sample of gas is in a contziner at low pressure and is
steadily compressed at constant temperature for 10 mun-
utes. Iz the volume decreasing more rapidly at the begin-
nmg or the end of the 10 minutes? Explain.
(c) Prove that the 1sothermal compressibility (see
Example 5) is given by g = 1/ P

. If. in Example 4, one molecule of the product C 15 formed

from one molacule of the reactant A and one molecule of the
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reactant B, and the mihal concentrations of A and B have a
common value [A] = [B] = a moles/L, then

[C] = a*kf{ake + 1)

where & 15 a constant.
{2} Find the rate of reaction at tume .
(k) Show that if x = [C], then
dx .
2 Ha —
() What happens to the concentration as — =7
(d) What happens to the rate of reaction as r — =7
(e) What do the results of parts (¢) and (d) mean n practical
terms?

The table gives the populafion of the world in the 20th
cenfury.

Populztion Population
Year {in millions) Year (in millioms}
1900 1650 1960 3040
1910 1750 1970 3710
1920 1860 1980 4450
1930 2070 1980 5280
1940 2300 2000 5080
1930 2560

(a) Estimate the rate of populaton growth 1 1920 and mn
1980 by averaging the slopes of two secant hines.

(k) Use a graphing calculator or computer to find a cubic
function (3 third-degree polynomial) that models the data.

() Use your model 1n part (b) to ind a model for the rate of
population growth m the 20th century.

(d) Use part (c) to estimate the rates of growth in 1920 and
1980. Compare with your eshmates in part {a).

() Estimate the rate of growth mm 1985.

. The table shows how the average age of first mamage of

Japanese women varied in the last half of the 20th century.

f Al f Alr
1950 23.0 1080 252
1955 238 1085 255
1960 244 1980 259
1965 245 1995 24.3
1970 242 2000 27.0
1975 247

(2) Use a graphing caleulator or computer to model these
data with a fourth-degree polynommal

(1) Use part (z) to find a model for A7)

() Estimate the rate of change of marmiage age for women
in 1990,

(d) Graph the data points and the models for 4 and A"
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21. Befer to the law of laminar flow ziven in Example 7. Con-
sider a blood vessel wath radius 0.01 cm, length 3 cm, pres-
sure difference 3000 dynes/cm’, and viscosity 7 = 0.027.
(a) Find the velocity of the blood along the centerline r= 0,
at radius r = 0,005 cm, and at the wall r= £ = 0.0] em.
(b) Find the velocity gradient at r = 0, r = 0.005, and
r= 001
() Where 1s the velocity the greatest? Where 15 the velocity
changing most?

28. The frequency of vibrations of a vibrating violn stnng 15
given by
1 [T
= =
2L Np

where [ is the length of the smng, iz its tension, and p iz

its linear density. [See Chapter 11 in D. E. Hall, Musical

Aconstics, 3rd ed. (Pacthe Grove, CA, 2002).]

(a) Find the rate of change of the frequency with rezpect to

(i) the length (when [ and p are constant),
(i) the tension (when [ and p are constant), and
{11} the linear density (when [ and I are constant).

(&) The pitch of a note (how high or low the note sounds) 15
determined by the frequency £ (The higher the frequency,
the higher the pitch.} Use the signs of the derrvatives m
part (a) to determine what happens to the pitch of a note

{1} when the effective length of a smng 15 decreased by
placing a finger on the stnng 5o a shorter portion of
the string vibrates,

{1} when the tension 15 mereased by twming a funing
peg.

{m) when the hnear density is mereased by switching to
another sting.

M. The cost, m dollars, of producing x yards of a cerfamn fabnc 1s

f

Olx) = 1200 + 12x — 0.1x* + 0.0005x°
() Find the marginal cost fanction.
(b) Find (*(200) and explain it meaning. What does it
pradict?
(=) Compare C"(200) with the cost of manufacturing the
201st yard of fabne.

3. The cost function for production of a commeodity is
Ox) = 339 + 25x — 0.09x" + 0.0004x°

() Find and interpret ("(100).
(b) Compare ("(100) with the cost of producing the 101st

1fem.

3. If plx) is the total value of the production when there are
x workers in a plant, then the average produciivity of the
workforce at the plant is

plx)
x

(a) Find 4 x). Why does the company want to hire more
workers if A'(x) = 07

Alx) =
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(&) Show that Ax) = 01f p'(x) is greater than the average
productivity.

32 If F denotes the reaction of the body to some stimulus of

strength x, the sensigvity 5 1s defined to be the rate of change
of the reaction with respect to x. A parheular example 15 that
when the bnghtness x of a light source 15 increased, the eve
reacts by decreasing the area & of the pupil. The axperimen-
tal formula
P 40 + 24,04

Tl da

has been used to model the dependence of & on x when #is

measured 1n square milhmeters and x 15 measured 1n appro-

pnate umis of bnghtness.

(a) Fmnd the sensitinty.

(b} Nlustrate part (z) by graphing both & and 5 as functons
of ¥ Comment on the values of #and 5 at low levels of
brnghtness. Is this what you would expect?

33. The gas law for an ideal gas at absolute temperature 7 (m

kelvins), pressure 7 {in atmospheres), and volume V (in
liters) is PV = nfT, where n1s the number of moles of the
gaz and /' = 0.0821 15 the gas constant. Supposa that, at a
certain instant, ¥ = 8.0 atm and is iIncreasmg at a rate of
0.10 atm,/min and I'= 10 L and is decreasing at a rate of
0.15 L/min. Find the rate of change of 7 with respect to ime
at that instant if n = 10 mel.

M. In a fish farm, a population of fish 15 introduced into a pond

and harvested regularly. A model for the rate of change of the

fish population 15 given by the eguation

- PR & U PR
e m(l 7 Jﬂ:} BHAY)

where r 15 the birth rate of the fish, /£ 15 the maximum

population that the pond can sustain (called the carrying

capacity), and B is the percentage of the population that is

harvested.

(a) What value of df}dr comesponds to a stable population?

{(b) If the pond can sustain 10,000 fish, the birth rate 15 5%,
and the harvesting rate 15 4%, find the stable population
lavel

{2) What happens if 8 15 raised to 5%7

In the study of ecosystems, predarorprey models are often
used to study the mieraction between species. Consider popu-
lations of tundra wolves, given by 1), and carbou, given
by C(f), m northern Canada. The interaction has been
modeled by the equations

AL _o—wew Wi aow
df it

(a) What values of o} and o W/d¢ comrespord to stable
populations?

(b) How would the statement “The canbou go extmct” be
represented mathematically?

(c) Suppose that a = 0.05, b= 0.001, c = 005, and
d = 0.0001. Find all population pawrs (, B that lead to
stable populations. According to this model, 15 1t possible
for the two species to hive in balance or will one or both
species become extinet”?



