m Exercises

1-4
(a) Find y' by implicit differentiation.
(b} Solve the equation explicitly for y and differentiate to get ¢ In
terms of x.
(c) Check that your solutions to parts (a) and (b) are consistent by
substituting the expression for y into your solution for part (a).
1. 92— pt=1
1 1
i—+—=1
x ¥

223+ xtay=1

4. {:osx+-\-"'y_=5

5-20 Find dy/dx by implicit differentiation.
Bl +p=1 B 2)x +y=3

Graphing caloulator or computer required

—

. xttay— =4

L xtx+ =3 — W)
N yeosx=x" + 3

1. decosrsmy=1

15 tan{yy) =x + y

7 =1+ 1%

19. yeosx =1 + sinlxy)

1+ aly—xpt =2
0y + 2y =1+x"
12 cos(xp)l =1 4+ smy
1. y =sin(x?) = x =inly?)
16 VT +y =1+
18. xsimy + ysmx=1

0. tanix — yl =

1+

Computer alzebra system required

A, If Ax) + [ AD] = 10 and A1) = 2, find £(1).
2. Ifglx) + xsin g(x) = &, find g'(0).

1. Eomework Hints availzble at stewartcaloulus com
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23-24 Regard y as the independent variable and x as the depend- . Ifxy + y* = 1, find the value of y" at the point where x = (.
ent variable and use implicit differentiation to find dx/dy. . )

. . If x* + xy + ¥’ = 1, find the value of 3™ at the point where
By -+ Igt =0 M. psecxy=orxtany =1

= o . . L )
2530 Use implicit differentiation to find an equation of the tan- ol f:::]’jf“ll. .’haffc:;:uﬂf;:&:ywt::fe implicit plotting
zent line to the curve at the given point. (=) Graph the curve with equation

B ysinly = xeosly, (w2, wf4) o = Dy — 2 = xlx — Dix —2)
B swix+ 3 =2x— 2y, (w7

. . . At how many points does this ewrve have honzontal
nr+y+y=3 (1.1) (elipse) tangents? Estimate the v-coordinates of these points.

Mo+ 2y — P+ =2 (1,2) ihyperbola) (b) Find equations of the tangent hines at the points (0, 1)
Ty 2 i 2 2 s oAl _ and (0, 2.
Brty=Qr+2y—a Bx"+y"=4 (c) Find the exact x-coordinates of the points in part (a).
{ﬂ, %:] [—3 V3, 1} (d) Create even more fanciful ewrves by modifving the equa-
(cardiond) (astroid) tion in part (a).
¥ \ ¥ 42. (3) The cwrve with aquation
//' "\\ P L T =
| J.-' * ‘\.\ﬂ /’S x has been likened to a bouncing wagon. Use a computer
o A s algebra system to graph this curve and discover why.

(b) At how many points does this curve have horizontal
tangent lines? Find the r-coordinates of these points.

w? 4 TP = F50 g — 2 o2 A = 2 —
N2+ PP =20 -p) B AY -D=x0-5)  5 pd e points on the lemniscate in Exercise 31 where the

(3, 1) (0, -2) ) )
1 iscate) (devil’s curve) tangent 15 horizontal.
v . 4. Show by mplicit differentiation that the tangent to the ellipsa
S o
. — ) () | S .|
t \ at =
A | ]
i: O] L at the point (xo. yo) is
A 1 Y
# “ ot | ¥
a’ B
33 (a) The cwrve with equation 3 = 5x* — x" is called a 45. Find an equation of the tangent line to the hyperbola
kampyle of Eudoxus. Find an equation of the tangent N B
line to this curve at the point (1, 2). X ¥
FH (b) Mhustrate part (3) by graphing the curve and the tangent a- b

hne on a commeon sereen. (If vour graphmg device wnll
graph impheitly defined curves, then use that capability.
If not, you can stll graph this curve by graphing its upper 36, Show that the sum of the v and p-intercepts of any tangent
and lower halves separately.) e -

M. (a) The cwrve with equation Jr'l = &' 4+ 32" is called the
Tschirnhausen cubic. Find an equation of the tangent
line to this curve at the point (1, —2).

at the point (g, yol.

line to the curve /x + ¥ =-/c s equalto &

47. Show, using implicit differenhation, that any tangent lme at
apoint Pto a circle with center (7 is perpendicular to the

(b) At what points does this curve have honzontal tangents? radins OF
as| (<) :lllushatelpart; (2} and () by graphing the curve and the 48, The Power Fule can be proved using implictt differentiation
fangent limes on 2 common screen. for the case where nis a rational rumber, n = gy, and
. o o ¥ = flx) = ¥" 15 assumed beforehand to be a differentiable
35-38 Find y” by implicit differentiation. fanction. If y = x®'7, then y¥ = x*. Use mplicit differentia-
B o+ P =9 B Jr+ =1 tion to show that
ETH x3+_y"‘=1 38, x'-{-)- = g+ J.-'J=ixl'“'-wl

q




45-52 Two cwrves are orthogonal of their tangent lines are
perpendicular at each point of intersection. Show that the given
families of curves are orthogonal trajectories of each other; that
is, every curve in one family 1s erthogonal to every curve in the
other family. Sketch both families of curves on the same axes.

B2+ =r ax+by=10
8. x* + 3’ =ax x'+ 3" =hy
Bl y=ex’, X'+ =1k

Bl y=ax’, x*+3p=0b

53, Show that the ellipse x*/a’ + _y':,'rb: = 1 and the hyperbela
2/ — y*B* = | are orthogonal trajectories if 4 < a® and
a* — b = A + B* (so the ellipse and hyperbola have the
same foel).

B4. Find the value of the oumber a such that the families of
cwrves y = (x + ) ' and y = alx + &' are orthogonal
trajectories.

B5. (a) The vander Waals equation for n moles of a gas is

(P+ "[:J[V— ab) = oRT

where Fis the pressure, Vis the volume, and Tis the tem-
perature of the gas. The constant & is the universal gas
constant and & and b are positive constants that are charac-
tenstic of a particular gas. If Tremains constant, use
mplicit differentiation to find o I d”

(b) Find the rate of change of velume with respect to pressure
of 1 mole of carbon dioxade at a velume of "= 10 L and
a pressure of 7= 2.5 atm. Use a = 3.582 L*-atm /mole’
and b = 0.04267 L/mele.

6. (a) Use implict differentiation to find 3 if
Mty +1=0
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(b) Plot the curve i part (2). What do vou see? Prove that
what you see is correct.

() In view of part (b), what can you say about the expression
for p" that you found in part (3)?

51. The equation x* — xy + y° = 3 represents a “rotated ellipse,”
that 15, an ellipse whose axes are not parallel to the coordinate
axes. Find the points at which this ellipse crosses the x-ams
and show that the tangent lines at these pomts are parallel.

58, (a) Where does the normal line to the ellipse
&' — xy + ' = 3 at the point (— 1, 1) intersect the ellipse
a second time?
(b) Ohstrate part (a) by graphing the ellipse and the normal
line.

59, Find all pomts on the curve xi_r: + xy = 2 where the slope of
the tangent lme 1= —1.

Bl. Find equations of both the tangent lines to the alhpse
x* + 4y* = 36 that pass through the pomt (12, 3).

61. The Bessel function of order 0, y = [/(x), satisfies the differ-
ential equation xy" + ' + xy = 0 for all values of xand its
walue at 015 Ji0) = 1.

(a) Find /(0.
(b) Use mplicit differentiation to find J(0).

62. The figure shows a lamp located three umis to the nght of
the y-axis and a shadow created by the elliptical region
x* + 4y* = 5. If tha point (-5, 0) is on the edge of tha
shadow, how far above the x-axis is the lamp located?

-
/ ?

LABORATORY PROJECT FAMILIES OF IMPLICIT CURVES

In thas project you will explore the changing shapes of implicitly defined curves as you vary the
constants in 3 family, and determime which features are commeon to all members of the family.

1. Consider the family of curves
¥ — 2x¥x + B) =y + 1P(y + 9) — ]

(a) By graphing the curves with ¢ = 0 and ¢ = 2, determme how many points of mter-
section there are. (You mught have to zoom m to find all of them.)

(b)) Mow add the curves with ¢ = 5 and ¢ = 10 to your graphs i part (a). What do vou
notice? What about other values of 7

Computer algebra system required



