m Exercises

1. Write an equation that expresses the fact that a function F 4. From the graph of y, state the intervals on which g is
15 continuous at the number 4. contnuons.
¥
- |
L2 If fis contimuous on (—, ®), what can you say about its | —_
graph? — - | I-. \\
3. (a) From the graph of f, state the numbers at which Fis ) ! / ) )
discontinnons and explain why. _ _a 3 )_,"' 4 Y & g X
(k) For each of the numbers stated in part (a), deteroune . /
whether iz continuous from the nght, or from the left, " - “\l
or neither. ’
¥ 5-8 Sketch the graph of a function f that 15 contmuous except for
by the stated discontinmty.
A AN 5. Discontinuous, but contimuous from the right, at 2
e ‘_,-" ".I ",
/*( v \\ S 6. Discontimuities at —1 and 4, but continuens from the left at —1
< . A v i and from the night at 4
_ _ 0 ; V4
4 2 z |4 6 * 1. Bemovable discontinmity at 3, jump discontimuty at 5
1 §. Neither laft nor nght contimuous at —2, continuous only from
| the laft at 2




9. The toll J'charged for dnving on a certain stretch of a toll
road 15 §5 except during rush hours (between 7 AM and 10 &M
and between 4 PM and 7 PM) when the toll is $7.

{a) Sketch a graph of [as a function of the fime ¢, measured
in hours past midmght.
(k) Diseuss the disconfinmties of this funetion and thew

significance to someone whe uses the road.

10. Explam why each function 15 conbinuous or discontinuons.

{a) The temperature at a specific location as a function of
time

(k) The temperature at a spectfic me as a funchion of the
distance due west from New York City

{c) The alhtude above sea level as a funchon of the distance
due west from New York City

{d) The cost of a taxi ride as a function of the distance trav-
eled

{e) The current in the ewrcmit for the hights in a room as a
funchon of time

1. Suppoze and g are confinuons fimctions such that
gi2) = 6and lim ., [3fx) + Axlg(x)] = 36. Find f{2).

12-14 Use the defimition of contimuty and the properties of limits
to showr that the fimchion 15 confimuous at the grven number a

1 Ad=3-5x+4x*+4, a=2

1. flx) = (x+ P, a= -1
2t — 38
14 .ﬁ(:‘l:l = ﬁ’ a=1

15-16 Use the definition of continuty and the properties of limits
to show that the function is confinuous on the given mterval.

2x+3
15 fle) = =2
xr—2

(2,)

16 gl =23 —x, (—=3]

17-21 Explain why the function 15 discontmuous at the given
number a. Sketch the graph of the funchion.

1
I I —
1. flx) =+ 2 a 2
®Ad={752 ¥¥7 2 R
1 if x= -2
1—x frx=l
14. n:x)_{l,-’x =1 a=1

SECTION 1.8 CONTINUITY 9
il S
WA=4,7-1 °F a=1
1 if x=1
cos X if =20
N Ax)=10 if x= a=>0
l—x* ifx=0
2 —5xr— 3 a3
x
2 fix) = x—3 a=73
& if x=

23-1M How would vou “remove the discontmuity™ of 7 In other
words, kow would vou define f{2) i order to make / continuous
at 27

2 _ _2 3_3
xox-2 W o) =

B. flx) = xr—12 x—4

25-32 Explain, using Theorems 4, 5, 7, and 9, why the function

iz continuous at every number in its domain. State the domain.

P -x—1 ¥+l
EF‘X}_—X:+1 26. E[I}_Exz—x—l
Hg}_@‘x—ﬁ 28 i) — sin x

s =12 x_x+1
2. Mx) = cos(l — %) 30. ﬂxﬁ=_Lx‘
A = xt
{ 1 . )
N Mx)= /1 +— 32 HMx) = sinfcos(sin x))
N

@ 33-34 Locate the discontinmties of the fimetion and illustrate by
graphing.
1

L < NI S—
Y 1+ anx

M.y =t

35-38 Use continwfy fo evaluate the limit.

5+ %
B, lim 3. lim sin(x + sin x)
—t 5ty —
. ]jn;xcasﬁ 38 lm(x' — 3x+ 1)
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CHAPTER1 FUMNCTIONS AND LIMITS

39-40 Show that fis confinmous on (—o, o).

1 ) {xl if x=<I1
=1 ~

Jr ifx=l

o {s:i.ux if x4
=

cosxy if x = o4

41-43 Find the numbers at which [ is discontinous. At which
of these numbers 15 f continous from the right, from the laft, or
netther? Sketch the graph of £

1+x* ifxr=0
N Ax)=42 —«x if)<x=2

(x—27° ifxr>2

r+1 if x=1
42 fix)=141/x if l<x=3
Vr—3 fx=3

xr+2 frxr=0
4. fix) = {28 fl=x=1
2—x fx>1

8. The gravitational force exerted by the planet Earth on a unat
mass at a distance r from the center of the planet is

H9=1 cu
— ifr=f
-

where M is the mass of Earth, /7 is its radms, and (7 15 the
gravitational constant. Is 'a continuous function of r?

45. For what value of the constant c 15 the function f conhinwous
on {—se0, w)?

Pry =2
ﬁx]={d X X

Mo fr=2

46. Find the values of a and b that make Mcontinuous
everywhere.

1y

— if r<2
fm={ "~ . .

axr" —bx4+3 f2=x=3

Ix—a+b if x==3

47. Which of the following functions / has a removable disconti-
nuity at a7 If the discontinuity is removable, find a funetion g
that agrees wath f for x # 2 and 15 conbnuous at a.

4_
(a}ﬂx:l=i_11: a=1

i _ I
(h]ﬁx]=%, a=2

() fix) =[sinx]. a=w

48. Suppose that a funchion f 15 continuous on [0, 1] except at
0.25 and that A(0) = 1 and A1) = 3. Let N'= 2. Sketch two
possible graphs of £ ope showing that /£ might not satisfy
the conchision of the Intermediate Value Theorem and one
showing that  mught stll satsfy the conclusion of the Inter-
mediate Value Theorem (even though 1t doesn’t zatisfy the
bypothesis).

49. If f{x) = x* + 10 sin x, show that there is a oumber ¢ such
that fc) = 1000.

50. Suppose [ is contiomous on [1, 5] and the only solutions of
the equation fix) = 6arex = 1 and x = 4. If A2) = 8,
explain why 3} = 6.

51-51 Use the Intermediate Value Theorem to show that there 1s
a root of the given equation in the specified mterval.
Bl x* +x—3=0, (L2) B ix=1-x 01

Bl cosv=ux (0,1) M. sinx=x"—x (L3I

55-56 (a) Prove that the equation has at least one real root.
(b) Use vour caleulator to find an mterval of length 0.01 that
confains a root.

BB cosx =1 By —x'+2x+3=0

E h1-58 (a) Prove that the equation has at least one real root.

(b) Use vour graphing device to find the root comrect to three
decimal places.

B .22 —4=0 5 x5 =
o A x+3

59. Prove that fis conhionous at a if and only 1f
H fla+ b = fa)
B0. To prove that sine 15 continuous, we need to show that

bm, .50 x = s:in a for every real number a. By Exercise 59
an equivalent statement 15 that

lim smn(a + h) = sina
Bl

Use (6] to show that this is true.



B1. Prove that cosine 1s 2 continuons function.

B62. (a) Prove Theorem 4, part 3.
(b) Prove Theorem 4, part 5.

63. For what values of x is f continuous?
) = 0 1f x1s ratonal
71 if xis imational
64. For what vahes of r is g continmous?
glx) = 0 if xisratiomal
x if xis irahonal
65. Is there a oumber that is exactly 1 more than its cube?
B6. If 2 and b are posiive oumbers, prove that the equation

a b

+ =0
S+ -1 F+x-2

has at least one solution i the interval (—1, 1).

CHAPTER 1 REVIEW

67. Show that the fanchion
xsim(lfx) if x#0
=
flx {a if x=10
is contimuous on { —®, %)

B8 () Show that the absolute value finction Mx) = |x|1s
confinuous everywhere.

(k) Prove that 1f 15 a conhnuous funchon on an mterval, then

sois | £|.

(e) Is the converse of the statement in part (b)) also true? In
other words, if | | is contizuous, does it follow that iz
contimuons? If so, prove it. If not, find a counterexample.

69, A Tibetan monk leaves the monastery at 7:.00 AM arnd takes hus
usual path to the top of the mountain, amiving at 7:00 PM. The
following morming, he starts at 7:00 AM at the top and takes the
same path back, armiving at the monastery at 7:00 PM. Use the
Intermediate Value Theorem to showr that there 15 2 point on the

path that the monk will cross at exactly the same time of day

on both days.



