m Exercises

1-4 Given that

lm flx) =0 Lim glx) = 0 lim bix) =1

Lim plx) == Lim gl &) = o=

which of the followmg lomits are mdeterminate forms? For those
that are not an indefermmate form, evaluate the limit where
possibla.

. flx) _ fix) . hlx)
1 () lim B Ok
. plx) )
(d) lim fx) (e) lm gix)
2 (3) lim [ (] ®) lim [0 ]
(e) lim [plx)glx]

Y _ﬁ_ﬁ[ flx) — pix)]
(c) bim [plx) + gix)]

®) lim [ ) — g(x]

4 (3) Lim [ A0)]

() Lim [ pl)]™

(b} lim [ Alx]e

(&) lim [0 (D) lim V0

(e} lLim [Hix)]=

56 Use the graphs of fand g and their tangent hines at (2, 0) to

. x]
—1 g(x)
B ¥ K 6 ¥
T y=1L8x—2) / .
) y=15&—12) ,
I . _(H
I
RN rJ I
/
\\ £
2 2
0 N, x
-"'.» _}'=% —Z:I ——""-_FH; "'.I\ y=2—x
A7 £ gy~

7-66 Find the linit. Use I'Hospital’s Rule where appropriate. If
there 15 2 more elementary method, consider usmg it. If 1"Hosprtal's

Fule doesn’t apply, explam why.

7. lm L
—1 ¥ — X
o2t 1
Lm0
—=l x—]_

: cos X
"N lm ——
—=2" ] —gnx

2

123 lm S !

0 sinf

1 —sim#
Iim ————
e~z 1 + cos 26
17, lm 25

EEIeTy e

19 lim 25

— oy

15

f—1
21. lm
—~1 =1

fm J1+ 2 — 1 —dx

—0 x
e"—1—-x

5. lim -

—i} X

27 lim tanh x
i tam x

H,IimSin 'x

=i} X

x3"
N Im
—1 3" -1

x+ smx

—i ¥+ cosx

. X +x—6

8 lm

=1 1—2

6+ 5r—4
Ut 4yt + 16x— @
. sindx
=0 tan 3x

x}

—0 1 — cos x
l —sing
cse
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:ﬁlml—x+lnx %. lim =1
—1 1+ cos wx s~ lhr+x—1

w‘mf—u+1—l 3I.]jme — e .—Zx
—I fx— 1) =~ y—smx

H.lirnmsx_l-F%IJ . Lim cos rhi(xr — a)
—0 x et Infe* — &)

T
42 lim Jxe ™
—-

. lim xsin(w/x)

Lil
-ﬂ]'.t_:'ril:m‘thsiuﬁx H'ﬁﬂlsinx]nx
5.

a7,

lim x’e = %5 met;n[]_l."x’j
. li:=1I In ¥ tan(wx/2) 48, ]fn:-lz cos x see Sy
Cx 1 )

O lm\ o7 o mﬂ[t:ﬂx—cut;]
m.unu(i— ! ) nm(mu_l)
—t Ay e —1 L -

53- lim I:x - Inx)

[

5. m [ln{x" — 1) — In{x* — 1]]

8. hm x* BB, lim (tan 2}
s x—=0t
i \ br
S7. Lim (1 — 220~ 58 lim (1 + i)
—= = F 3
B9, hm xl."'.l xl 0. hmxllnii."'.l t Inxl
st v
61. lim x'/* B2 lim (e" + o)V'*

6. lim (4x+ 1) 64, lim (2 — pp=i=

2y — 3
66, lim
i (35)

[~ |.1.'I:|:I=1 (eos ¥

for any positive integer n. This shows that the exponenhal
function approaches infinity faster than any power of x.

12. Prove that

=L i

for any number p > (. This shows that the logarithmic fune-
fion approaches » more slowly than any power of x.

T3-14 What happens if vou try to use 1'Hospital’s Rule to find
the lomit? Evaluate the hmit using another meathod.
7. lim———— M lim —

- \'x‘-_-l-l —ix/Y fanx

T5—B0) Use I'Hospital's Fule to belp sketch the curve. Use the
rmdehnes of Section 3.5

By=wx" ?E._J;=In—1x
M y=xe™ M y=eYx
My=x—Infl +x 8. y=ix"—3e "

1B

(a} Graph the functon.

(&} Use 'Hospital’s Rule to explain the behavioras x — 0" or
as x —» .

{c} Eshmate the maximum and mimimum values and then use
caleulus to find the exact values.

(d} Use a graph of /" to esimate the x-coordinates of the inflec-
tion points.

. Axy=x~

8. fx) ="

82 f(x) = (sin x)=~

@ 67-68 Use a graph to estmate the value of the limat. Then use
I'Hospatal’s Fule to find the exact valus.

.-’.' X 3
ET.].im(1+;) Ellims =
X

= X0 3T — 27

{] 69-70 Ilustrate I'Hospital’s Rule by graphing bath fx)/glx) and
£'(x)g'x) near x = 0 to see that these ratios have the same limit

as x — (. Also, calculate the exact value of the ot
B fAx)=e"—1, glx) =2+ 4x

M. Ax)=2xsimx, gix) =secx—1

N. Prove that

@ 8. Investigate the fanuly of curves given by fx) = x%

where 1115 a positive infeger. What features do these curves
have 1n common? How do they differ from one another? In
particular, what happens to the maxmmum and minmmwom
points and inflection points as n increases? Nlustrate by
graphing several members of the family.

] #5. Investizate the family of curves fx) = e* — cr. In particular,

find the limits as ¥ — * and determine the values of  for
which fhas an absolute minimum. What happens to the min-
mum points as © mereases’

86. If an object with mass m is dropped from rest, one model for
its speed v after f seconds, taking air resistance mto account,
is

r=29(1 — g =)
IS

where g 15 the acceleration due to gravity and ¢ 15 2 positive
constant. (In Chapter 9 we will be able to deduce this equa-
fion from the assumption that the ar resistance 1s propor-
tional to the speed of the object; © 15 the proporhonality
constant.}

{a} Calculate lim;— < v. What 15 the meanmg of this hoat?



&1

(b) For fixed ¢, use I'Hospatal’s Rule to calculate lim_ . o+ r.
What can you conclude about the velocity of a falling
object m a vacuum?

If an imitial amount A, of money 1s invested at an mterest rate

rcompounded n tmes a year, the value of the mvestment after

f years is

A= .4@(1 - LJM
n

If we let n— =, we refer to the continuous compounding of

interest. Use 1'Hospital’s Eule to show that if interest 15 com-

pounded contmucusly, then the amount after ¢ vears is
A=A

If a metal ball wath mass a7 15 projected 1n water and the force

of resistance 1s proportional to the square of the velocity, then

the distance the ball travels in time 15

—

|9c
e

where ris a positive constant. Find lim ..o+ 5(1).

1) = Zin cosh
[

89. If an electrostatic field & acts on a lqmd or a gaseons polar

.

dielectne, the net dipole moment ¥ per unit volume 15
ef + g ¥ 1
A= —— ——
) ef — ¥ E
Show that limy—. o+ A ) = 0.

A metal cable bhas radius r and 15 covered by insulation, so that
the distance from the center of the cable to the extenor of the
insulation is /. The velocity r of an electrical impulse in the

I

where c1s a posttive constant. Find the following limats and
interprat your answers.

@ Jamo © e
In Section 4.3 we investigated the Fresnel function

Six) = [7sin(rwe’) dr, which arises in the study of the diffrac-
tion of light waves. Evaluate
lim Six

—=0 13

Suppose that the temperature mn a long thin rod placed along
the x-axis is initially ((2a) if [x| = aand 0if | x| > & Tt can
be shown that if the heat diffusity of the rod 15 &, then the
temperature of the rod at the point » at me r 15

L
a4kt }G
To find the temperature distribution that results from an initial
hot spot concentrated at the ongin, we peed to compute

Lo i) i

e, 0=

Ijn: Mx,
Use 1'Hospatal's Rule to find this limit.

SECTION 6.8

INDETEAMINATE FORMS AND L'HOSPITAL'S RULE

93, The first appearance i print of 1"Hospital's Rule was in the

479

bock Analyse des Infiniment Petits published by the Marquis
de I'Hospital in 1696. This was the first calenlus fexthook ever
published and the example that the Marguis used m that book

to illustrate s mle was to find the lhmit of the finction

v2aix — x* — adlaax

a— + ax®

¥=

as x approaches a, where 2 = 0. (At that tme 1t was common

to write aa instead of a°.) Solve this problem.

94, The figure shows a sector of a circle with central angle §. Let

A(9) be the area of the segment between the chord P and
the arc PR Let f{#) be the area of the tnangle PO Find
L, o A(#)/BH).

95, Evaluate hm [x - x!].]l(l = x)]
i *

96. Suppose 1is a postve function. If bm, .. f{x) = 0 and
L, glx) = =, show that

lim [ A(A]" =0

This shows that 0 15 not an mdeterminate form.
97, If /' 1= continuous, f(2) =0, and (2} = 7, evaluate

lim 2+ 3x + A2 + 5x)

=0 x

98. For what values of a and b is the following equation true?

[ =in2x b’
']J.'E.%( = +a+?J—D
99, If /' 15 continuous, use 1"Hospital’s Rule to show that
. fx+h)—fAx—h
i 1h =)
Explain the meaning of this equation with the aid of a
diagram.

100. If /" 15 contmuous, show that
i fix+ B —2fx) + Ax— H)

B0 b
e ifx#0
flx) =
(=) {I} fr=10

{a) Use the defimtion of dervative to compute (0],

= F{(x)

0. Let



n Review

Concept Check

1. (a} What 15 a one-to-one funchon? How can you tell if a func-
fion 15 one-to-one by looking at 1ts zraph?
(k) If 15 a one-to-one funchon, how 15 1ts iInverse funchion
f " defined? How do you obtain the graph of ' from the
graph of F7
(<) If f is 2 one-to-one function and £ F '(a)) # 0, write a
formula for ( £ ')'{a).

2 (a) What are the domain and range of the natural exponential
function flx) = &*7

(&) What are the domain and range of the natural logarnthmic
function f{x) = In 17

(e) How are the graphs of these funchions related? Sketch these
graphs by hand, using the same axes.

(d) If 215 a positrve number, a # 1, wnte an equahon that
expresses log, ym terms of In x

3. (z) How is the inverse sine function Mx) = sin 'x defined?

What are 1ts domain and range?

(&) How is the inverse cosine function f{x) = cos 'x defined?
What are its domain and range?



{c) How is the inverse tangent function f{x) = fan 'x defined?
What are 1tz domain and range? Sketch its graph.

4. Write the definitions of the hyperbolic fimchions sinh x, cosh x,
and tanh x.

B. State the derivative of each function

(@) yp=¢" (b)) y=a" ) y=Ihx

(d) y = log.x (e) y==n 'x (f) y=rcos x

(gl y=tan x (h) y = sinh x (1) y=coshx

(j) y=tanhx (k) y=sich 'x () y=cosh 'x
{m) y=tanh 'x

B. (a) How 1= the number ¢ defined?
(b) Express e as a limit.
() Why 15 the natural exponential fanction ¥ = & used more
often in caleuhis than the other exponential funchions

y=a"

CHAPTERG6 REVIEW m

(d) Why 1= the natural loganthmic function y = In x used more
often m caleulus than the other loganthmie functions
y=log.x7

1. (a) Wnte a differential equation that expresses the law of
natural growth.
(b) Under what circumstances 1s this an appropriate model for
population growth?
(c) What are the solutions of this equation?

B. (a) What does I'Hospital’s Rule say?
(b) How can you use I'Hospital’s Rule if you have a product
Alx) gl x) where fx) — 0 and g(x) — 2 as x — a7
(2) How ecan you use 'Hosprtal’s Rule if you have a difference
flx) — g{x) where fAlx) — = and g{x) — = as x — a7
(d) How can vou use 'Hospital’s Rule if you have a power
[ Alx)}* where f{x) — 0 and glx) — 0 as x — a?

True-False Quiz

Datarmine whather the statamant is true or false. If it is frue, explain why.
IF it is false, axplain why or give an example that disproves the statement.

d
(1} EHD‘E = xl0~!

1. If f is one-to-one, with domain [, then 7 '( A6)) = 6. " d (In 10) = 1
L If f is one-to-one and differentiable,with domain R, then dx 10
(18 =1/r(6) 12. The inverse function of y = e¥is y =Llnx.
3. The function fAx) = cos x, — 72 = x = 7/2, is cne-to-cne. 1 sin 'x
12 cos v = '|-I.1:m'x=—|
4 tan '(—1) = 3mf4 o5 X cos X
=g = = ! d
S H0<a<htenlha<lk 15 coshx =1 forall x 6 h—=—("=
B o = g5ET 10 Jox
e de -
7. You can always divide by & 1. _lz v 3ln2
B Ifa>0andb >0, thenlnfa + b) =lna+ Inb an x secly
Wlim ————=lim——=m®
9. Ifyr=>0then(Imx =6ln x = 1l — 005X sex SIX
Exercises
1. The graph of f1s shown. Is f one-to-one? Explamn. (d) Sketch the graphof g .
| i
0 N !
LU 1
\ = |

2. The graph of g1 given.
(a) Why iz g one-to-cne?
{b) Estimate the vale of g '(2).
() Estimate the domain of g .

4. Suppese fis one-to-one, f{7) = 3, and M7) = 8. Find
(a) £ 3) and (&} (£ ")'(3).
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r+1
2x+ 17

4. Find the inverse fimction of {x) =
5-9 Sketch a rough graph of the fanction without using a
calculator.

B y=5-1

Ly=-lnx

8 y=2arctanx

x

6. y=—¢
. y=Ihix—1)

88, Show that
dfv. o i, 1Py 1
fu( e et T T U A

49-52 Find " in terms of g'.
19, fix) = 8
5. fix) =1In |glx|

5. flx) = gle?)
8. flx) = glln x)

10. Let a > 1. For large values of x, which of the functions
¥=x" y=a",and y = log, x has the largest values and
which has the smallest values?

11-12 Find the exact value of each expression.
1. (a) ¥ (&) log25 + lognd
12 (3) Ine” (b) tan(aresin )

53-54 Find F™'(x).

B3, fix) =27 M. fx) = n(2x)

13-20 Solve the equation for x.

B lnr=1 W oe =1

15 & =17 6. Infl + ) =3
MWhir+ D+ hir—1)=1 18 logsic) =4
18 tan 'x =1 M. sinx =03

85, Use mathematical induction to show that if fx) = xe”,
then (2 = (x + nle~.

56. Find y" of y = x + arctan y.
51-58 Find an equation of the tangent to the curve at the zrven
point.

5L.y=(2+xe" (0,2) M y=xlhr (ee

21-47 Dhfferenhate.

R e
A fAd=7F o . g(f}—1+2,
73, HH) = o™= 2. hu) = 10"
25 y=In|sec5x + fan x| B y=xcos 'x
7. y = xtan (dx) A, y=e"cos nx
9 = In{sec’x) W0 y=41r (%)
Is
. y= £ - 32, ¥y= 13.r|:5i.‘|:|.2£’:|1
x

i = el Hoy=e""+ cosle”)
35 o) =vtan v 3. Flz) = logull + %)
31. y = xsinh(x?) 8. y = leos 2
3 p=Insiny — 1 =inlr 0 y= mhn{arr.'sin \-;}
oy —1a( L)+ 2. wer !

Cp=1In|— —_ . xef =y —

¥ x Inx +

(x+ 1)

43, y = Inleosh 3 Wy=s—o—T5m 7

¥ = Infeosh 32) Yo s G -1
45 y = cosh '(sinh x) %. y=rxtamh 'Jr

il y= ms(e"m:]

59. At what point on the curve y = [Infx + 4)T* is the tangent
honizontal?

FH 60, If flx) = x&™ find ' (x). Graph fand /' on the szme screen

and comment.

61. (2} Find an equation of the tangent to the cuwrve y = & that 15
paralle] to the lme x — 4_}. =1.
() Find an equation of the tangent to the curve y = e that
passes through the ongin.

62 The function (17 = Ke = — & ®), where a, b, and K are pos-
itive constants and b = a, is used to model the concentration at
time ¢ of a drug injected 1nio the bloodstream.

(a} Show that lim .. Clf) = 0.

(b) Find ((f), the rate at which the drug i= cleared from
circulation.

{c}) When 1s this rate equal to 07

63-78 Evaluate the lumat.

6. Lim & ™ 6. lim (100 — )
65. hm g3 66. lim arctan(x® — x)
67. lim Infsich ) B8, lim ¢ “sin x
i!ﬂit; m._liul(1+%)'
M. lm S ! 1. tim 2T

—0 fam x —0 x4+ x



e — 1 — 4x

13. _— T4, lm <
—i IS =y e
B lim (2 — x)e™ 76. lim r'Inx

P, i

. 1
7. bim [ —— - —
a—l'(:—l lnx)

8. Lm (tan xf=*

a— (=)

T9-84 Sketch the cwrve using the puidelines of Section 3.5.
MW y=¢"siny, —T=Exr=7 8. y=sin (1/x)
. y=xhnx 22 y=¢

By=(x—2e" M y=x+Inx+1)

X

85, Investizate the family of curves given by flx) = xe ™,
where ¢ 15 a real mumber. Start by computing the limits as
x— *w ldentify any transihonal values of ¢ where the
basic shape changes. What happens to the maximum or mam-
mum points and inflechion points as © changesT Mlustrate by
graphing several members of the famly.

[ 86. Imvestizate the family of functions fx) = cxe = . What
happens to the maximum and mmimum peints and the inflec-
tion points as ¢ changes7 Illustrate your conclusions by
graphing several members of the family.

#1. An equation of motion of the form s = Ae “cosiws + &)
represents damped oscillation of an object. Find the velocity
and acceleration of the object.

B8. (a) Show that there 15 exactly one root of the equation
In x = 3 — x and that it hes between 2 and e
(k) Find the root of the equation in part {3} comect to four
decimal places.

B9. A bacteria culture contams 200 cells inihially and grows at a
rate proportional to its size. After half an hour the population
has inereased to 360 cells.

(a) Find the number of bactena after + hours.
(&) Find the number of bactena after 4 howrs.
(e} Find the rate of growth afier 4 hours.

{d) When wll the populafion reach 10,0007

90. Cobalt-60 has a half-life of 5.24 years.
{2) Find the mass that remains from a 100-mg sample after
20 vears.

(b) How long would it take for the mass to decay to 1 mg?

9. The beclogist G. F. Gause conducted an expenment in the
19305 with the protozoar Parmmecium and used the popula-
tion funchion

64
) =T 3o

to model his data, where fwas measuwred m days. Use this
model to determine when the population was increasing most
rapadly.
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92-105 Evaluate the integral

7} j’n‘ﬁd‘ 0. [ ye v dy
“.{:lflr * {cll-:'el'dr
e

w = ==
100. j%m 101. jtanxln(cusx}d.r
102 {ﬁ 103, [ 2 sec’g do
104, | siah aw 105. {(1 ;xj-dx

106-108 Use properties of integrals to prove the inequality.
0 [ VT+edr=e—1

1
0

107. {nl eeosxdr=e— | 108. {clxsin 'rdv = w4

109-110 Find x).

=

109, r[x}=£*'_'i o m. = [Te

111. Find the average value of the fanction f{x) = 1/x on the
mterval [1, 4].

112 Find the area of the region bounded by the curves
y=ey=ex= -2 adr=1

113 Fied the volume of the solid obtzined by rotating about the
y-axis the region under the curve y = 1/(1 + »*) from x = 0
tox= 1.

ML IFAY =x+ 2 + &% find (£ V(1)
M6 If fig) = lnx + tan ' find (7 ') (/4.

116, What 15 the area of the largest rectangle mn the first quadrant
with two sides on the axes and one vertex on the curve
y=e"7

117. What 15 the area of the largest tnangle m the first quadrant
with two sides on the axes and the third side tangent to the

curve p= g 7



