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(1) Occasionally, a first-order differential equation is not linear in one variable
but in linear in the other variable. For example, the differential equation

dy 1
dv x+y
is not linear in the variable v, But its reciprocal
21 +3  or 2 v
— =3 o —_— =y
dy = dy .

is recognized as linear in the variable x. You should verify that the integrating
factor e/t '™ = ¢V and integration by parts yield the explicit solution
x = —y* = 2y — 2 + ce! for the second equation. This expression is then an
implicit solution of the first equation

(7i7) Mathematicians have adopted as their own certain words from engineer-
ing, which they found appropriately descriptive. The word transient, used ear-
lier, is one of these terms. In future discussions the words inpur and ouipur will
occasionally pop up. The function fin (2) is called the input or driving fanc-
tion; a solution y(x) of the differential equation for a given input is called the
output or response.

(1v) The term special funetions mentioned in conjunction with the error func-
tion also applies to the sine integral function and the Fresnel sine integral
introduced in Problems 55 and 56 in Exercises 2.3. “Special Functions” is
actually a well-defined branch of mathematics. Mare special functions are
studied in Section 6.4.

| EXERCISES 2.3

Answers to selected odd-numbered problems begin on page ANS-2.

In Problems 1-24 find the general solution of the given dif-
ferential equation. Give the largest interval I over which the
general solution is defined. Determine whether there are any
transient terms in the general solution.

dy dy

.==5 2.—= +2y=0
dx Y dx Y
dy dy

3= +y=e* 4. 3=+ 12y=4
a2 ¢ dx

5.9 +3x%y=x? 6.y +2xy=2x3

7. x% +xy=1 8.y =2y+x*+5

dy

d
9. xa—y=xzsinx 10.xd—1+2y=3
dy dy
1. x—=+4y=x- 12. 1+ x)——xy=x+x*
xdx y=x'—x ( x)dx xy=x+x

13. x%y + x(x + 2)y = &*

14. xy' + (1 + x)y = e *sin 2x
15. ydx — 4(x + y%) dy =0
16. ydx = (ye’ — 2x) dy

dy .
17. —+ =1
cos x dx (sin x)y

d
18. cosZx sin xd—i + (cos’x)y = 1
dy _
19. (x + )—+ (x + 2)y = 2xe”*
dx
dy
20, (x+22—==5—-8y—4
@+ 2= y — 4xy
d
21. d_;+ rsec 0 = cos 6
dP
22, —+2tP=P+ 4t-2
dt
d
23 x 2 4 Bx+ Dy=e*
dx

dy
24, (2 — D)=+ 2y = (x + 1)?
(x )dx y=@x+1)

In Problems 25~-36 solve the given initial-value problem.
Give the largest interval I over which the solution is defined
dy
25. ==x+5y, y0)=3
2 XT3 0
dy
26. =X 0= !

27. xy'+y=¢€, y1)=2

Copyright 20)2 Cengage Leaming. All Rights Reserved. May not be copied, scanned, or duplicated, in wholo or In part. Due (o electranic rights, some Uird party content may be suppressed froin the eBook and/ar cChaptex(s). Editorial review has

deemed Ihat any suppressed content dues not materially affect the overall leuning etpericnve, Cengage Leaming reserves the right W remove additional cuntent at uny tiime if subsequent rights restrictions requice iL.



62

28.

29,

30.

31
32.

33.

34.

35.
36.

® CHAPTER 2

dx
— —x =2y =35
Yg T F Y, y(1)
di . , . .
LE;‘ + Ri=E, i0)=1i, L,R,E,Ii,constants
dT
7 =k(T—-T,), TO)=T, k,T,,T,constants
d
by =ax+1, yay=3
dx

y' + dxy = x%, y(0) = —1

'}
G+D2 4 y=mmx y)=10
dx
dy
i+ D2+ =1, =1
x(x )dx xy y(e)
y — (sinx)y = 2sinx, y( /2)=1
y' + (tanx)y = cos’x, y(0)= —1

In Problems 37-40 proceed as in Example 6 to solve the
given initial-value problem. Use a graphing utility to graph
the continuous function y(x).

d
£Y 1 2y = £(x), y(0) = 0, where

37.
dx
I, 0=x=3
flo) = {0, >3
dy
38. — + y = f(x), y(0) = 1, where
dx
I, 0=x=1
fe) = {—1, x> 1
dy
39. dx + 2xy = f(x), y(0) = 2, where
x

40.

41.

42,

43.

x, 0=x 1

f) = {0 =1

d
(1 +x?) t-bX( + 2xy = f(x), y(0) = 0, where

X, 0=x 1

x =1

f(X)={

—x,
Proceed in a manner analogous to Example 6 to solve the
initial-value problem y' + P(x)y = 4x, y(0) = 3, where

P) = 2, 0=x=1,
=2/x, x> 1.

Use a graphing utility to graph the continuous function
y ().

Consider the initial-value problem y’ + e'y = f(x),
y(0) = 1. Express the solution of the IVP forx > 0 as a
nonelementary integral when f(x) = 1. What is the so-
Iution when f(x) = 0?7 When f(x) = ¢*?

Express the solution of the initial-value problem
y' = 2xy = 1,y(1) = 1, in terms of erf(x).
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Discussion Problems

44,

45.

46.

47.

48.

49,

50.

51.

Reread the discussion following Example 2. Construct a
linear first-order differential equation for which all
nonconstant solutions approach the horizontal asymp-
totey = 4 as x —> o,

Reread Example 3 and then discuss, with reference
to Theorem 1.2.1, the existence and uniqueness of a
solution of the initial-value problem consisting of
xy' — 4y = x%* and the given initial condition.

(a) y(0)=0 (b) y(0) = yo,y0>0
(©) y(xo) =y0,%>0,y0>0

Reread Example 4 and then find the general solution of
the differential equation on the interval (—3, 3).

Reread the discussion following Example 5. Construct a
linear first-order differential equation for which all solu-
tions are asymptotic to the line y = 3x — 5 as x —> =,

Reread Example 6 and then discuss why it is technically
incorrect to say that the function in (9) is a “solution” of
the IVP on the interval [0, ).

(a) Construct a linear first-order differential equation of
the form xy' + ao(x)y = g(x) for which y. = ¢/x>
and y,=x’. Give an interval on which
v =x* + ¢/x* is the general solution of the DE.

(b) Give an initial condition y(xo) = yo for the DE
found in part (a) so that the solution of the IVP
is y=x>—1/x% Repeat if the solution is
y=x>+ 2/x3. Give an interval I of definition of
cach of these solutions. Graph the solution curves. Is
there an initial-value problem whose solution is
defined on —os, %0)?

(c) Is each IVP found in part (b) unique? That is, can
there be more than one IVP for which, say,
y = x* — 1/x3, x in some interval I, is the solution?

In determining the integrating factor (3), we did not use
a constant of integration in the evaluation of [P(x) dx.
Explain why using [P(x) dx + ¢; has no effect on the
solution of (2).

Suppose P(x) is continuous on some interval / and a is a
number in . What can be said about the solution of the
initial-value problem y’ + P(x)y = 0, y(a) = 0?

Mathematical Models

52.

Radioactive Decay Series The following system
of differential equations is encountered in the study of the
decay of a special type of radioactive series of elements:

dx A

L

dt !

dy

T~ Ax = Az,

where A and A, are constants. Discuss how to solve this
system subject to x(0) = xg, y(0) = yo. Carry out your
ideas.
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53. Heart Pacemaker A heart pacemaker consists of a definedto be 1 at = 0. Express the solution y(x) of
switch, a battery of constant voltage Fy, a capacitor with the initial-value problem x3y’ + 2 x%y = 10 sinx,
constant capacitance C, and the heart as a resistor with y(1) = 0 in terms of Si(x),
constant resistance R. When t.he s.witch is closed, .the (b) Use a CAS to graph the solution curve for the VP
capacitor charges; when the switch is open, the capacitor forx> 0.
discharges, sending an electrical stimulus to the heart, .
Duringgthe time the heart is being stimulated, the voltage (€ CsewrSatie ﬁqd the value of the absolute maxi-
E across the heart satisfies the linear differential equation mum of the solution y(x) for x > 0.

dE 1 56. (a) The Fresnel sineintegral is defined by
i _R_CE' S(x) = [ysin(w?/2) dt. Express the solution y(x)
of the initial-value problem y'— (sin x?)y = 0,
Solve the DE, subject to E(4) = E,. y(0) = 5, in terms of S(x).

. (b) Use a CAS to graph the solution curve for the IVP
Computer Lab Assignments

on (—o, «).
54. (a) Express the solution of the initial-value problem (¢) Tt is known that S(x) —>% as x — o and S(x) — ——;—
y —2xy=—1,%0) =V /2, interms of erfc(x). as x — —oo . What does the solution y(x) approach
(b) Use tables or a CAS to find the value of y(2). Use a as x> ©? As x —> —o0?
CAS to graph the solution curve for the IVP on (d) Use a CAS to find the values of the absolute
(—o, ®), maximum and the absolute minimum of the
55. (a) The sine integral function is defined by solution y(x).

Si(x) = [, (sint/r) dr, where the integrand is

2.4 EXACT EQUATIONS

REVIEW MATERIAL

e Multivariate calculus
e Partial differentiation and partial integration
# Differential of a function of two variables

INTRODUCTION Although the simple first-order equation
ydx +xdy=0

is separable, we can solve the equation in an alternative manner by recognizing that the expression
on the left-hand side of the equality is the differential of the function f(x, y) = xy; that s,

d(xy) = ydx + xdy.

In this section we examine first-order equations in differential form M(x, y) dx + N(x, y) dy = 0. By
applying a simple test to M and N, we can determine whether M(x, y) dx + N(x, y) dy is a differen-
tial of a function f(x, y). If the answer is yes, we can construct f by partial integration.

= Differential of a Function of Two Variables 1Ifz = f(x, y) is a function of
two variables with continuous first partial derivatives in a region R of the xy-plane,
then its differential is

d af
dz = ,—fdx + ,—fdy. (H
dax dy

In the special case when f(x, y) = ¢, where c is a constant, then (1) implies

d 0
—Idx + idy =0. 2)
Ix ay
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