m Exercises

1. The figure shows a curve C and a contour map of a function
whose gradient 1s continuous. Find Jc Vi dr
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2. Atable of values of a function f with continuous gradient 15
given. Find J‘c V'« dr, where C has parametric equations
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x=£+1 y=f+: 0=r=1
e 1 2
0 1 6 4
1 3 5 7
2 8 2 9

3-10 Determine whether or not F 1s a conservative vector field.
If 1t 15, find a function f such that F = V.

LF(xy)=02x—3)i+(-3x+4y—8)j
4. F(x,y) = e"sinyi + e'cosvj
5 F(x,y) = e"cosyi+ &"sinyj
6. F(x.y) = (3x* — 23 i+ (dxy + 3)j
1. F(x,v) = (ve* + siny)i + (e* + xcosy)j
B F(x.y)=(2xy+y i+ x* =20, y=0

9. F(x.y) = (Iny + 2x3%) i + (3x%7? + /) j

10. F(x,y) = (xycoshxy + sinhx1) i + (x? cosh x1)j

11. The figure shows the vector field F(x, 1) = (2xy, x*) and
three curves that start at (1, 2) and end at (3, 2).
(a) Explain why .fc F - dr has the same value for all three

CUrves.

{(b) What is this common value?
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12-18 (a) Find a function f such that F = V{ and (b) use
part (a) to evaluate fCF « dr along the given curve C.

12, F(x.y) = x%i + %,

C iz the arc of the parabola y = 2x? from (—1, 2) to (2, §)
13. F(x,p) = xv?i + x2yj.

Cr@) = (t+sinjmt+cosim), 0=r=1

14, F(x.y) = (1 + x)e¥i + x%e¥j,
Cor({f)=costi+2sintj, 0=t= 72

15 Flx,y,z) =yzi+ xzj + (xy + 22) k,
C is the line segment from (1,0, —2) to (4, 6, 3)



SECTION 16.3 THE FUNDAMENTAL THEQREM FOR LINE INTEGRALS 1107

16. F(x, v, z) = (32 + 2xz8)i + 2xpzj + (ov? + 2x%2) K,
Cix=t,y=t+1,z=1¢ 0=r=1

17. F(x. v, z) = yze™i + e j + xye™k,
Cr)=(+ )i+ -Dj+@* -2k 0=t=2

18. F(x,y,z) =smnyi+ (xcosy + cosz)j —ysmnzk,
Cor(f) =sinti+tj+ 2tk 0=t=m/2

19-20 Show that the line mtegral 1s independent of path and eval-
uate the integral.
19. _fczxe Fdx + (2v — x%e ) dy,

C 1s any path from (1, 0) to (2, 1)

20. _fc smydr + (xcosy — siny) dy.
C is any path from (2, 0) to (1, =)

21. Suppose vou're asked to determune the curve that requires the
least work for a force field F to move a particle from one
point to another point. You decide to check first whether F is
conservative, and indeed 1t turns out that 1t 15. How would
you reply to the request?

22. Suppose an expeniment determines that the amount of work
required for a force field F to move a particle from the point
(1, 2) to the point (3, —3) along a curve C11s 1.2 J and the
work done by F in moving the particle along another curve
(2 between the same two points 15 1.4 J. What can you say
about F? Why?

23-24 Find the work done by the force field F in moving an
object from Pto Q.

23 F(x.y) = 20"+ 3xvij; P, 1), Q2.4

U Flxy)=eli—xe’j; P(0,1), 02, 0)

28. Let F = V7, where f(x, ) = sin(x — 2y). Find curves C)
and C; that are not closed and satisfy the equation.

(a)jcr-dr=o ®) J‘C:F-dr=1

29. Show that 1f the vector field F = Pi + O j + Rk 1s conser-
vative and P, O, R have continuous first-order partial deriva-
tives, then
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30. Use Exercizse 29 to show that the line integral
.[c vdx + xdv + xyz dz is not independent of path.

31-34 Determine whether or not the given set 1s (2) open,
(b) connected, and (c) simply-connected.

o)) |0 <y <) 2. () |1<x] <2}
3. {(x,y) | 1 EX1+_}-‘2EE4I}- = 0}

M A{(xy) | () # (2.3}

“vi+xj
x4+

(a) Show that aP/ay = a0/ dx.

(b) Show that .[c F - dr is not independent of path.
[Hint: Compute .[c F - drand .[c_. F - dr, where C)
and C; are the upper and lower halves of the circle
x? + y? =1 from (1. 0) to (—1, 0).] Does this contradict
Theorem 67

35 Let Fix,y) =

36. (2) Suppose that F is an inverse square force field, that is,

cr
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for some constant ¢, where r = xi + v j + z k Find the

work done by F in moving an object from a point Py
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