m Exercises

1. Level curves for barometric pressure (in millibarg) are shown 7-10
for 6:00 an on November 10, 1998, A deep low with pressure (a) Find the gradient of .
972 mb 1s moving over northeast Towa. The distance along the (b) Ewvaluate the gradient at the point P.
red line from K (Kearney, Nebraska) to 5 (Sioux City, Towa) is (c) Find the rate of change of f at P in the direction of the
300 km. Estimate the value of the directional derivative of the vector u.

pressure function at Keamey in the direction of Sioux City.

N — e i _ _ 1 PR
What are the units of the directional denivative? 1. flr.y) = sin@x +3y), P(=6,4). w 2(\/371 ])

8 flx.y) =y¥x. P(1.2). u=1(2i+5j)
9 flx.y.2) = x4z —x2°, P2 -1,1), u=1{0% %)

0. flxy.2) =% PO.1,-1). u={(%%8)

11-17 Find the directional derivative of the function at the given
point in the direction of the vector v.
M. fley) = e'siny, (0, @/3), v=1{—68)

i‘}ig: (1,2}, V= <35)

12 fley) = —
X
1B.gp.g) =p' —p9’. (Q.1). v=i+3j
1. g(r.5) = tan Yrs), (1.2). v = 5i+ 10j

2. The contour map shows the average maximum temperature for 5. f(.y.2) =xe’ +yet+ze%, (0.0,0), v={(51,-2)
November 2004 (1n °C). Estimate the value of the directional 16. fy,2) = vz, 3,2,6). v={-1,-2.2)
denivative of this temperature function at Dubbo, New South
Wales, in the direction of Sydney. What are the units?

1. hir,s,0) = In(3r + 65 + 99, (L. 1.1). v=4i+ 12j + 6k

18. Use the figure to estimate Dy (2, 2).
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19. Find the directional derivative of f(x, ¥) = xy at P(2. 8) in

-*Sydﬂty

U— 27 24
- j the direction of Q(5, 4).
//@ 20. Find the directional derivative of f(x, ¥, z) = xy + vz + zx at
o /_/ 8 P(1, —1. 3) in the direction of Q(2, 4, 5).

Resprintad by panmistion of the Commarnwaait of Australia.

21-26 Find the maximum rate of change of f at the given point and

3. Atable of values for the wind-chill index W = f(T, v) is given the direction in which it occurs.

in Exercise 3 on page 935. Use the table to estimate the value
of Dy £(—20, 30), where u = (i + j)/+/2. 21. flx.y) = 4y, (4.1)

4-6 Find the directional derivative of f at the given point 1n the 2. fs,1) = e%, (0,2)

direction indicated by the angle 0. 23. flx,y) = sin(xy), (1,0)
4 fley) =xpt + 2%, (1L1)., 8==/6 24 flxyz)=(+yz (1.1,-1)
5 flx,v)=ye* (0.4, 0=2#/3 5 .y =Vx iy + 2, (3.6, -2)

6. fx,v) = e*cosy, (0,0), 0= x/4 26. f(p, q.¥) = arctan(pgr), (1.2, 1)




27. (a) Show that a differentiable function f decreases most
rapidly at x in the direction opposite to the gradient vector,
that is, in the direction of —V/(x).
(b) Use the result of part (a) to find the direction in which the
function f(x, ¥) = x*y — x*y* decreases fastest at the
point (2, —3).

Find the directions in which the directional derivative of
Flx,¥) = ve @ at the point (0, 2) has the value 1.

28.

29, Find all points at which the direction of fastest change of the

fimetion fx,y) = x? + p? — 2x — dpisi + j.

. Near a buoy, the depth of a lake at the point with coordinates
(x.y) is z = 200 + 0.02x? — 0.001)°, where x, ¥, and z are
measured in meters. A fisherman in a small boat starts at the
point (80, 60) and moves toward the buoy, which is located at
(0, 0). Is the water under the boat getting deeper or shallower
when he departs? Explain.

. The temperature T in a metal ball 1s inversely proportional to
the distance from the center of the ball, which we take to be the
origin. The temperature at the point (1, 2, 2) is 120°.

(a) Find the rate of change of T at (1, 2, 2) in the direction
toward the point (2, 1, 3).

(b) Show that at any point mn the ball the direction of greatest
increase in temperature is given by a vector that points
toward the origin.

. The temperature at a point (x, v, z) is given by

T(x, y, z) = 200e wte

where T is measured in °C and x, ¥, 7 in meters.
(a) Find the rate of change of temperature at the point
P(2, —1, 2) in the direction toward the point (3, —3, 3).
(b) In which direction does the temperature increase fastest
at P?
(c) Find the maximum rate of increase at P.

34, Suppose you are climbing a hll whose shape 15 given by the
equation z = 1000 — 0.005x2 — 0.0lyj, where x, v, and 7 are
measured in meters, and you are standing at a point with coor-
dinates (60, 40, 966). The positive x-axis points east and the
positive y-axis points north.

(a) If you walk due south, will you start to ascend or descend?
At what rate?

(b) If you walk northwest, will you start to ascend or descend?
At what rate?

(c) In which direction is the slope largest? What 1s the rate of
ascent in that direction? At what angle above the horizontal
does the path in that direction begin?

35. Let f be a function of two variables that has continuous

partial derivatives and consider the points 4(1, 3), B(3, 3),
(1. 7), and D(6, 15). The d._iI’ectiona] derivative of f at 4 in
the direction of the vector AB is 3 and the directional deriva-
tive at 4 in the direction of AC 15 26. Find the dﬁBcEional
derivative of f at 4 in the direction of the vector AD.

36. Shown 1s a topographic map of Blue River Pine Provincial
Park in British Columbia. Draw curves of steepest descent
from point 4 (descending to Mud Lake) and from pomnt B.

couriesy of the Centra of Topographic Infprmation.

37. Show that the operation of taking the gradient of a function has
the given property. Assume that  and v are differentiable func-
tions of x and y and that a, b are constants.

(a) Viau + b)) = aVu + bVo  (b) V(uw) = uVe + v Vu
u vVu —uVp
@v(%) - LTt

0

38. Sketch the gradient vector Vf(4, 6) for the function f whose

level curves are shown. Explain how you chose the direction
and length of this vector.

(d) Vu' = nu" ! Vu

39. The second directional derivative of f(x, 3') is
S (x, ) = Do[Dy f(x, 3)]

Ff(x.3) = x* + 5x% + 3 andu = (1. %), calculate
Dif(2.1).



40. (a) Ifu = {a, b) is a unit vector and f has continuous 56, Show that the ellipsoid 3x* + 2y* + z* = 9 and the sphere
second partial derivatives, show that x? 4+ y* 4+ 22 — 8x — 6y — 8z + 24 = 0 are tangent to each
N ; ther at the point (1, 1, 2). (This means that they have a com-
3f = fua® + 2fpab + fixb? © po 2 L. 2) L
Dif = faa foab + fy mon tangent plane at the point.)
(b) Find ﬂm s_eccnd directional derivative of f(x, v) = xe™ in 57. Show that every plane that is tangent to the cone
the direction of v = (4, 6). x? + y* = z* passes through the origin.

58. Show that every normal line to the sphere x* + y? + 2% = #?

passes through the center of the sphere.

(3.3.5) 59, Where does the normal line to the paraboloid z = x* + y* at
T the point (1, 1, 2) intersect the paraboloid a second time?

41-46 Find equations of (a) the tangent plane and (b) the normal
line to the given surface at the specified point.

N2 -2+ (- D+ -3 =10,

y=x*—2z% (4,7.3
2.y z 4.7.3) 60. At what points does the normal line through the point
8. xyz* =6, (3,2,1) (1,2, 1) on the ellipsoid 4x* + y* + 4z = 12 intersect the
1,02, 2
+ = 1027
M oxy+yz+zx=5 (1.2.1) spherex* +y° + 7
. 61. Show that the sum of the x-, y-, and z-intercepts of any
Box+y+z=e" (0,01) tangent plane to the surface X + V¥ + V2 = Je isa

8. x*+ oyt k2t =3 (1,1,1) constant.

62. Show that the pyramids cut off from the first octant by any
tangent planes to the surface xyz = 1 at points in the first

™ 47-48 Use a computer to graph the surface, the tangent plane, and octant must all have the same volume.

the normal line on the same screen. Choose the domain carefully
s0 that you avoid extraneous vertical planes. Choose the 63. Find parametric equations for the tangent line to the curve of
viewpoint so that you get a good view of all three objects. intersection of the paraboloid z = x* + y? and the ellipsoid

4x* + y* + z* = 9 at the point (—1, 1, 2).
A xy+yztax=3 (L,1,1) 48 xyz=6, (1,2.3) x+y'+ 2 =9 atthe point (-1, 1,2)
64. (a) The plane y + z = 3 intersects the cylinder x* + y* =5
in an ellipse. Find parametric equations for the tangent

49. If /(x, ) = xy, find the gradient vector V(3, 2) and use 1t line to this ellipse at the point (1, 2, 1).

to find the tangent line to the level curve f(x, y) = 6 at the ' (b) Graph the cylinder, the plane, and the tangent line on the
point (3, 2). Sketch the level curve, the tangent line, and the same screen.
gradient vector. 65. (a) Two surfaces are called orthogonal at a pomnt of inter-

50, If y(x, y) = LS yﬁ — 4x, find the gradient vector Vg(1, 2) section 1if their normal lines are perpendicular at that

and use 1t to find the tangent line to the level curve
glx, ) = 1 at the point (1, 2). Sketch the level curve, the tan-
gent line, and the gradient vector.

51. Show that the equation of the tangent plane to the ellipsoid
x¥a® + y¥b* + 2Yc? = 1 at the point (xo, vu, Zo) can be
written as

ﬂ Mg Zin

==+ 5 =1

+ =
a’ b c*

Find the equation of the tangent plane to the hyperboloid
x¥a? + v¥b? — 2¥e? = 1 at (xy, ¥y, 20) and express it in a
form similar to the one i Exercise 51.

Tl
(1]

53. Show that the equation of the tangent plane to the elliptic

5§3. Show that the equation of the tangent plane to the elliptic

paraboloid z/c = x¥/a? + y*/b? at the point (xo, yo, z1) can
be written as

Iven  Zywm 4@

al B? c

54, At what point on the paraboloid y = x* + z* is the tangent

plane parallel to the plane x + 2y + 3z = 1?

55. Are there any points on the hyperboloid x? — y? — 22 =1

where the tangent plane is parallel to the plane z = x + 7

point. Show that surfaces with equations Fx, y, z) = 0
and G(x, y, z) = 0 are orthogonal at a point P where
VF # 0 and VG # 0 if and only if

FG + F,G, + F,G, =0 atP
(b) Use part (a) to show that the surfaces z* = x* + y* and
x? + p* + 2% = r? are orthogonal at every point of

intersection. Can you see why this is true without using

calculus?

. (a) Show that the function f(x, ¥) = %V is continuous and

the partial derivatives f; and f exist at the origin but the
directional derivatives in all other directions do not exist.

(b) Graph f near the origin and comment on how the graph
confirms part (a).
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confirms part (a).

. Suppose that the directional derivatives of f(x, ) are known

at a given point in two nonparallel directions given by unit
vectors u and v. Is it possible to find Vf at this point? If so,
how would you do 1t?

. Show that if 7 = f(x, 1) is differentiable at x; = {(xq, 3o}, then

figg S & — @) — V) - @ —x)
1m =0
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[Hint: Use Definition 14 4.7 directly ]






