m Exercises

1-6 Use the Chain Rule to find dz/dt or dw/dt. 13. If z = f(x, ¥), where f is differentiable, and
Lz=x'+y+xy, x=sint y=e' x = gl2) y=nh@)
g3) =2 h3)=7

2 z=cos(x +4p), x=5" y=1/t g(3) =5 (E) = —4
3z=1+x+3), x=Int y=cost A7) =6 2. 7) =8

find dz/dr when r = 3.
4 z=tan (y/x). x=¢€, y=1-¢" 14. Let Wis, ) = Fluls. 1), v(s, 1)), where F. u, and v are differen-

tiable, and
B w=xe" x=¢, y=1-1 z=1+2¢ u(1,0) =2 (1,0) =3

_ w(1,00=—-2  ol.0)=5
6. w=Iny/x*+y* + 2}, x=sint y=cost z=tant

u(1,0)=6 (1, 0) =4
F(2.3)=-1 F23)=10
7-12 Use the Chain Rule to find dz/as and az/at. Find W.(1, 0) and (1. 0).
1. z=x% x=scost, y=ssint 15. Suppose f is a differentiable function of x and y, and
) glu, v) = fle* + sin v, e" + cos v). Use the table of values
8 z=arcsin(x —y), x=s5"+1t1 y=1-2st to calculate g,(0, 0) and g,(0, 0).
9 z=sinfcosep, 0=st’, =3t f 9 A £

(0. 0) 3 6 4 8
(1,2) 6 3 2 5

0. z ="', x =5/t y=ifs

N z=e&"cos. r=u3st, 6= s1+1¢

16. Suppose f 15 a differentiable function of x and v, and
12, z =tanlufv). u=25s+3t v=35—2¢ g(r. s) = f(2r — 5, 5% — 47). Use the table of values in
Exercise 15 to calculate g(1, 2) and 4.(1, 2).




17-20 Use a tree diagram to write out the Chain Rule for the given

case. Assume all functions are differentiable.

17, u = f(x,p). wherex = x(r, 5.2), y = ylr. 5. 1)

18, R =f(x,1,2,1), wherex = x(u, 0. w), vy = v(u, o, w),
z=z(u v, w), t = tlw v.w

19. w = f(r, 5, 1), wherer = rl(x,v), 5 = s(x,y), t = t(x,p)

20, t = f(u, v, w), whereu=u(p.g. r.5), v=1rlp g.r s),
w=wp,q,rs)

21-26 Use the Chain Rule to find the indicated partial derivatives.

Mz=x"+x% x=s5+2—u y=st*

dz  dz @z
—, —, — whens=4,r=2 u=1
ds ' oar du
v
2 T= , U= r, U= r;
o payr pa:

aT  ar aT
= = = whenp =2, g=1,r=4
dp dg ar

B.w=xy+yz+z, x=vrcosfl, y=rsinf, z=r

dw  dw
=, = whenr =2, 0= 7/2
ar’ a0 W " : /
24, P= Ju + v +w?, u=xe', v=ye, w=e"
aP  aP
—, — whenx=0,y=2
ax v
+
25.N=u, p=u-+uvw g=v+ uw r=w+ uy;
ptr
aN  aN  aN
— ;— whenu=2,pv=3, w=4
du  dv ow
2% u=xe", x=a'f y=pg% t=7ya
du  du du
—, — — whena= -1, =2 y=1
da” ap’ ay

27-30 Use Equation 6 to find dy/dx.
21 yeosx = x* + »* 28. cos(xy) =1 + siny
29, tan ‘(x%y) = x + xp? 30. e¥sinx = x + xy

11-34 Use Equations 7 to find dz/dx and dz/dy.
M,ox* 2+ 377 =1

B e =z M yz+xlny=z*

32_x2—y1+22—22=4

35. The temperature at a point (x, v) is T(x, v), measured in degrees

Celsius. A bug crawls so that its position after ¢ seconds is

given by x = 1 + t,v = 2 + i, where x and y are measured
in centimeters. The temperature function satisfies T,(2,3) = 4

and T3(2, 3) = 3. How fast is the temperature rising on the
bug’s path after 3 seconds?

36. Wheat production ¥ 1n a given year depends on the average

temperature T and the annual rainfall R Scientists estimate

that the average temperature is rising at a rate of 0.15°C/year

and rainfall is decreasing at a rate of 0.1 cm/vear. They also

estimate that, at current production levels, aWF/aTl = —2

and aW/aR = 8.

(a) What 1s the significance of the signs of these partial
dertvatives?

(b) Estimate the current rate of change of wheat production,
dW/dt.

37. The speed of sound traveling through ocean water with salinity
35 parts per thousand has been modeled by the equation

C = 14492 + 467 — 0.05577 + 0.000297° + 0.016D

where C 15 the speed of sound (in meters per second), T 1s the
temperature (in degrees Celsius), and D is the depth below the
ocean surface (in meters). A scuba diver began a leisurely dive
into the ocean water; the diver’s depth and the surrounding
water temperature over time are recorded in the following
graphs. Estimate the rate of change (with respect to time) of
the speed of sound through the ocean water experienced by the
diver 20 minutes into the dive. What are the units?

D 12 —
20 e 14 —
15 12 —r
10 1] -
5 — -l &
w2 30 40 ! w20 30 40t
(rain) (min)

38. The radius of a right circular cone 1s increasing at a rate of
1.8 in/s while its height is decreasing at a rate of 2.5 in/s. At
what rate 1s the volume of the cone changing when the radius
18 120 in. and the height is 140 in.?

39. The length €, width w, and height } of a box change with
time. At a certain instant the dimensions are £ = 1 m and
w = h =2 m, and € and w are increasing at a rate of 2 m/s
while % is decreasing at a rate of 3 m//s. At that instant find the
rates at which the following quantities are changing.
(a) The volume
(b) The surface area
(c) The length of a diagonal

Praa .. v 1 LR [P | LI

40. The voltage I 1n a simple electrical circuit 1s slowly decreasing
as the battery wears out. The resistance R 1s slowly increasing
as the resistor heats up. Use Ohm’s Law, ¥ = IR, to find how
the current J 1s changing at the moment when R = 400 ),

I =008 A, dVfdt = —0.01 V/s. and dR/dt = 0.03 Q/s.

41. The pressure of 1 mole of an 1deal gas 1s mncreasing at a rate
of 0.05 kPa/s and the temperature is increasing at a rate of
0.15 K/s. Use the equation in Example 2 to find the rate of
change of the volume when the pressure 1s 20 kPa and the
temperature 15 320 K.

42, A manufacturer has modeled its vearly production function P
(the value of its entire production in millions of dollars) as a
Cobb-Douglas function

P(L E) = 147053

where L 1s the number of labor hours (in thousands) and K 1s



the invested capital (in millions of dollars). Suppose that when
L = 30 and K = 8, the labor force is decreasing at a rate of
2000 labor hours per year and capital is increasing at a rate of
$500,000 per vear. Find the rate of change of production.

43. One side of a triangle is increasing at a rate of 3 cm/s and a
second side 1s decreasing at a rate of 2 cm/s. If the area of the
triangle remains constant, at what rate does the angle between
the sides change when the first side 15 20 cm long, the second
side 15 30 cm, and the angle is 7/67

44. If a sound with frequency f; is produced by a source traveling
along a line with speed v, and an observer is traveling with
speed v, along the same line from the opposite direction toward
the source, then the frequency of the sound heard by the

observer 15
P
Jo= (f)f
[ LA

where ¢ is the speed of sound, about 332 m/s. (This is the
Doppler effect.) Suppose that, at a particular moment, you

are in a train traveling at 34 m/s and accelerating at 1.2 m/s°.
A train is approaching you from the opposite direction on the
other track at 40 m/s, accelerating at 1.4 m/s®, and sounds its
whistle, which has a frequency of 460 Hz. At that instant, what
15 the perceived frequency that yvou hear and how fast is it
changing?

15-48 Assume that all the given functions are differentiable.

45, If z = f(x, ), where x = rcos fland y = rsin @, (a) find dz/ar
and dz/a0 and (b) show that

BRERCRIC)

46. If u = f(x, v), where x = ¢*cos t and v = ¢’ sin ¢, show that

du )1 (ﬂu )2 2| f du )3 c?u)j
=) +[=] =e =] +|=
dx dy ds dt
iz iz
47. Ifz = — y), show that — + — =0
z = f(x — y), show thai w

48. If z = f(x, y), where x = 5 + tand y = 5 — ¢, show that

iz iz
41. If z = f(x — y). show that P + Fe 0.

48. If z = f(x. y), where x = 5 + tand y = 5 — ¢, show that

s\ (az\ a0z
ax ay a5 ot

§0. If u = f(x, y), where x = e cos t and y = " sin ¢, show that
*u a*u ‘,[ Fu  du ]
— + - —

L e au
ax? !t ast o

51, If z = f(x, ¥), where x = #* 4 s?and y = 2rs, find 8%z/ar ds.
(Compare with Example 7.)
§2. If z = f(x, y), where x = r cos ffand y = rsin @, find
(a) dz/ar, (b) dz/d0, and (c) ’z/ar d0.
§3. If z = f(x, ), where x = r cos f and y = r sin , show that
B e s 10w
ax? ay? ir? ¥ oag? rodr

54, Suppose z = f(x, y), where x = g(s. {) and ¥ = k(s, 1).

(a) Show that
2 _ (ﬂ_x R £g+£(g :
art ax? \ ar dxay at ar - a? \ ar
2dx udy
ae art gy ot

(b) Find a similar formula for a%z/as at.

49-54 Assume that all the given functions have continuous
second-order partial derivatives.

49. Show that any function of the form
z=f(x + an) + glx — ar)
is a solution of the wave equation
iz, @z

—_— =gt —

=

ar? ax?

[Hint: Letu =x + at. v = x — at.]

§5. A function f 15 called homogeneous of degree n if it satisfies
the equation f(tx, ty) = "f(x, ¥) for all 1, where n is a positive
integer and j has continuous second-order partial derivatives.
(a) Verify that f(x, ¥} = x*v + 2xy* + 517 is homogeneous

of degree 3.
(b) Show that if f is homogeneous of degree n, then

af af
— 4 p— =
by L= nfy)
[Hint: Use the Chain Rule to differentiate f(rx, tv) with
respect to t.]

56. If f is homogeneous of degree », show that

, o & a'f
x5+ 2y —— + 3 —= = nln — )f(x,
awl T Y nln — 1) (x, ¥)

§7. If f is homogeneous of degree », show that
Selex, 1) = 0" Yilx, )

axt Y dx dv ay? X m

51. If f 1s homogeneous of degree n, show that
Lltx t9) =" Hlx 3)

58. Suppose that the equation F(x, v, z) = 0 implicitly defines each
of the three vanables x, y, and z as functions of the other two:
z=f(x,3),y = glx, 2), x = h(y, z). If F is differentiable and
Fy, Fy, and F, are all nonzero, show that

dz dx dy
ax dy dz !

§9. Equation 6 is a formula for the derivative dv/dx of a function
defined implicitly by an equation F(x, y) = 0, provided that F
iz differentiable and 7, # 0. Prove that if F has continuous sec-
ond dervatives, then a formula for the second derivative of v 1s

dy  FuFy — 2FyFiFy + Fyly
arx2 El’j




