m Exercises

1. The temperature I (in “C) at 2 location in the Northern Hemi-
sphere depends on the longitude x, latitude y, and time £, so we
can write I = fi(x, v, f). Lat’s measure time in hours from the
beginnmg of January.

(2) What are the meanings of the partial derivatives o7 ax,

aTfay, and aTja?

{b) Honolulu has longitude 158" W and latitude 21" N. Sup-

pose that at 9:00 AM on January 1 the wind is blowing hot
air to the northeast, so the air to the west and south is warm
and the zir to the north and ezst i3 cooler. Would you expect
S(138,21,9), (158,21, 9), and f(138, 21, 9) to be posi-
tive or negative? Explam.

2. At the begmming of this section we discussed the fimction

I

F(T, H), where [ iz the heat index, T iz the temperature,

and A is the relative humidity. Use Table 1 to estimate
J7(92, 60) and f=(92, 60). What are the practical interpretations
of these values?

3. The wind-chill index W is the perceived temperature when the
actual temperature iz I and the wind speed is #, 50 we can
write 7 = f(T, v). The followng table of values 1s an excerpt
from Table 1 in Section 14.1.

C)

Actual temperature [

Wind speed (km /h)
| 20 | 30 | a0 | 50 | 60 | 70
~10 | -18 | 20 | -21 | —22 | 23 | -2
—15 | —24 | 26 | —27 | —29 | —30 | —30
—20 | -0 | 33 | —34 | 35 | —36 | 37
25 | 37 | -39 | —41 | —42 | —43 | —44

(2) Estimate the values of f-(—13, 30) and fi{—15, 30). What

are the practical interpretations of these values?

4

Wind speed (knots)

(b) In general, what can you say about the signs of FF/al"
and o fav?
(c) What appears to be the value of the following limit?
voem g

The wave heights & m the open sea depend on the speed v
of the wind and the length of time { that the wind has been
blowing at that speed. Values of the fimetion A = fip. £) are
recorded in feet in the following table.

Duration (hours)
! 5 10 15 20 30 40 S0

10 2 2 2 2 2 2 2

15 4 4 3 3 3 3 3
20 3 7 3 3 g 8 g

30 g 13 16 17 18 13 19

40 14 21 25 28 il 33 33

50 19 29 36 40 43 4B 30

60 24 37 47 34 62 67 69

(a) What are the meanings of the partial derivatives ah/av
and ahfar?

(b) Estimate the values of f3(40, 15) and £{40, 15). What are
the practical interpretations of these values?

(c) What appears to be the value of the following limit?
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58 Detenmime the signs of the partial derivatives 1of the
function f whose graph is shown.

5 (2) £(1,2)
6. (a) £(-1,2)
1. (a) f.(-1.2)
8. (a) f£.(1.2)

®) £(1.2)

®) £(-1.2)
®) f(-1,2)
®) £,(-1.2)

9. The following surfaces, labeled a, 5, and c, are graphs of a
function f and its partial derivatives f; and £ Identify each

surface and give reasons for your choices.

T0. A contour map 15 glven for a function 7, Use It to esumate

f2.1)and £2,1).
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M. Iff(x,y) = 16 — 4x* — 7 find £(1,2) and £(1, 2) and inter-
pret these numbers as slopes. Illustrate with either hand-drawn

sketches or computer plots.

12. If f(x,y) = V4 — x* — 4y?, find £(1, 0) and f(1, 0) and inter-
pret these numbers as slopes. Illustrate with either hand-drawn

sketches or computer plots.

M 13-14 Find £, and J, and graph f, £ and £, with domains and

viewpoints that enable you to see the relationships between them.

13. f(x,y) =x%*

¥
WIEN =137

15-40 Find the first partial derivatives of the function.

15. f(x.)) =y’ — 3xy
17. f(x, t) = e *cos mx

19. z = (2x + 3y)"
X
n. fx,y) ==
Jx.p) 5
Nty
A3. f(x.)) = s

25, g(u,v) = (u'p — 0y
21. R(p.q) = tan '(pg°)
9. F(x,y) = r cos(e’) at

31. f(x,y,2) =xz — 5x¥°2
8. w = In(x + 2y + 32)

16. f(x.y) =x"%" + 8x%y
18. f(x,7) = Vx Int

20. z =tanxy

u' f(x: }) =

e'
u+ v

X
R

2. w=
26. u(r.0) = sin(r cos 0)

2. f(x.y) =x*

30. F(a, B) = j",/—r- 1 at

32 f(x.y,z) =xsin(y — 2)
A w - e

35. u = xysin '(yz2) 3. u=x*"

; = x'y 7 = .ax_'__ﬂ.l.:.
3. h(x,y,z,t) =x'ycos(z/f) 38. P(x,y.z1) 2 + of
39. u
40. u = sin(x;, + 2x; + -+ nx,)

41-44 Find the indicated partial derivative.
8. f(x.)) =In(x + T +37); £3.4)



2. f(x,1) = arctan(y/x): £(2.3)

43. f{x,_v, z) = #"‘I‘Z; f;-(2, 1, 1)

M. f(x.y, 2) = sinlx + sinly + sinz;  £(0.0, 7/4)

au

700 u = x5 ———
Vi aylen

45-46 Use the definition of partial derrvatives as limits [4] to find
Sl ) and fi(x. p).

8. f(x,3) = xp? — x¥y =

Jc+yl

4. f(x,y) —

47-50 Use implicit differentiation to find dz/dx and az/ay.
7. 7+ 20+ 32 =1 48 x> -+t —2:=4

49. ¢ = xyz 50. vz + xlny = 7?

51-52 Find az/dx and az/ay.
51. (a) z = f(x) + ()

52. (a) z = flx)g(y)
() z = flx/y)

(b) z=flx+y)
(b) z=f(xp)

53-58 Find all the second partial derivatives.

83, f(x, ) = x*p® + 2x%y 84, f(x,v) = sin®*(mx + ny)

x
55, w = yul + o7 56.v=xfy
+ .
57. z=z|.rctanu 58. v =™
1—xy

59-62 Verify that the conclusion of Clairaut’s Theorem holds, that

18, Uxy = Uyx.
59, u = x*y? — y* 60, u = e¥siny

61. u = cos(x%) 62. u = In(x + 2)

63-70 Find the indicated partial derivative(s).
63. flx.1) = xh? — 2V for. frur
8. £(x,)) — sin(2x + ) fon
65. F(x.y, 2) = &% fi.
66. g(r, s, 1) = e'sinls1); g
a’u

67. u=e"singd; ——
arton

az
68. z = uv — w;

du do dw

x @ w i’ w
w= ; 3
y+2z7 dzavax® axlay

N Ifflxy 2) = % + arcsin(x V2 ). find fop. [Hint: Which
order of differentiation 1s easiest?]

72 Ifglx.y,2) = 1 + xz + /1 — xv. find g.. [Hint: Use a dif
ferent order of differentiation for each term ]

73. Use the table of values of f(x, y) to estimate the values of
f3.2). £(3.232). and £,(3.2).

¥ 18 20 22

x

25 12.5 10.2 93

30 18.1 17.5 15.9

335 200 224 26.1

74. Level curves are shown for a function - Determine whether
the following partial derivatives are positive or negative at the
point P.

() 1 (O (c) fux

(d) fo (@) fiy
/
o “/6/4/2/

P

.

75. Verify that the function u = e “#'t sin kx is 2 solution of the
heat conduction equation 1, = o tiz,.

76. Determine whether each of the following functions 1s a
solution of Laplace’s equation uy, + uy, = 0.
(@) u=x*+ p? (b) u=x?—?
(© u=x+ 3xp? (d) u=InvxI+37
(e) u = sinx coshy + cosx sinhy
(flu=e “cosy —e ¥cosx

77. Verify that the function u = 1//x? 4+ y* + z7 is a solution of
the three-dimensional Laplace equation iy, + iy + 1. = 0.

78. Show that each of the following functions is a solution of the
wave equation uy; = a iy,
(a) u = sinlkx) sinakt) (b) u=tf/la*? — x?)
@ u=(x—a)+ (x +ar)
(d) u = sinlx — at) + In(x + at)

79. If f and g are twice differentiable functions of a single vari-
able, show that the function

ulx. ) = flx + at) + glx — at)

15 a solution of the wave equation given in Exercise 78.



Ifu = g &5 1ak where af + af + -+ + ai = 1,
show that

P u & u @*u n

F s ™ S

. Verify that the function z = In(e” + &”) is a solution of the

differential equations

iz az
dx day
and
'z a%z itz \?
—73 — =0
axs dys dx dy

. The temperature at a point (x, v) on a flat metal plate is given

by T(x, v) = 60/(1 + x* + y?), where T is measured in °C
and x, y in meters. Find the rate of change of temperature with
respect to distance at the point (2, 1) in (a) the x-direction and
(b) the y-direction.

. The total resistance R produced by three conductors with resis-

tances R, Ry, R; connected in a parallel electrical circuit is
given by the formula

Find dR/0R,.

. Show that the Cobb-Douglas production function P = bL°K?

satisfies the equation

P P
L v K —(a+ PP
oL K (a + B)

., Show that the Cobb-Douglas production function satisfies

P(L, Ky) = C1(Ko)L" by solving the differential equation

ap _
dL

Fid

o
L
(See Equation 6.)

e ke

. Cobb and Douglas used the equation P(L, K) = 1.01L" 7K

to model the American economy from 1899 to 1922, where L
1s the amount of labor and X 15 the amount of capital (See
Example 3 in Section 14.1))

(a) Calculate P; and Py

(b) Find the marginal productivity of labor and the marginal

productivity of caprtal in the year 1920, when L = 194 and
K = 407 (compared with the assigned values L = 100 and
K =100 in 1899)_ Interpret the results.

(c) In the year 1920 which would have benefited production

more, an increase in capital investment or an increase m
spending on labor?

. The van der Waals equation for n moles of a gas 15

2
(P + %)(V — nb) = nRT

where P 15 the pressure, I 1s the volume, and T is the tempera-

9.

93.

A as

7 oa.

ture of the pas. The constant R is the universal gas constant
and a and b are positive constants that are characteristic of a
particular gas. Calculate #7/aP and aP/aV.

The gas law for a fixed mass m of an ideal gas at absolute tem-
perature T, pressure P, and volume I is PV = mRT, where R is
the gas constant. Show that

AP av aT

av ar ap

. For the ideal gas of Exercise 88, show that

P av

=m
ar ar

. The wind-chill index is modeled by the function

W =13.12 + 0.6215T — 11.37p"" + 0.3965 Tp"!¢

where T 1s the temperature (°C) and v is the wind speed
(km/h). When T = —15°C and ¢ = 30 km/h, by how much
would you expect the apparent temperature /¥ to drop if the
actual temperature decreases by 1°C7 What if the wind speed
increases by 1 km/h?

The kinetic energy of a body with mass m and velocity v is
K= %mvz. Show that

9K FK

am ot

. If a, b, ¢ are the sides of a triangle and A, B, C are the opposite

angles, find ad/aa, a4 /ab, a4/ac by implicit differentiation of
the Law of Cosines.

You are told that there 1s a function /" whose partial deriva-
tives are fi(x, ) = x + 4y and f(x, ¥) = 3x — y. Should you
believe 1t?

Ll L B | - L P} 1

The paraboloid z = 6 — x — x* — 21° intersects the plane

x = 1 in a parabola. Find parametric equations for the tangent
line to this parabola at the point (1, 2, —4). Use a computer to
graph the paraboloid, the parabola, and the tangent line on the
same screetl.

. The ellipsoid 4x? + 2p® + z? = 16 intersects the plane v = 2

in an ellipse. Find parametric equations for the tangent line to
this ellipse at the point (1, 2, 2).

. In a study of frost penetration 1t was found that the temperature

T at time f (measured in days) at a depth x (measured in feet)
can be modeled by the function

Tx, 1) = Ty + Te *sin(wt — Ax)
where @ = 27/365 and A is a positive constant.

(a) Find #T/ax. What 1s its physical significance?
(b) Find A7/a:. What is its physical significance?



(c) Show that T satisfies the heat equation T; = kT for a 9, Iff(x. ¥) = x(x? + ¥?) ¥ find £(1. 0).
_ certain constant k. [Hint: Instead of finding f(x, v) first, note that it’s easier
A (d)IfA=02, T, =0, and T} = 10, use a computer to to use Equation 1 or Equation 2.]
graph T(x, 7). ) .
(e) What is the physical significance of the term — Ax in the 100. If f(x. y) = +/x* + »*, find £(0, 0).
expression sinf{wf — Ax)?

[

101. Let
97. Use Clairaut’s Theorem to show that if the third-order partial -
derivatives of f are continuous, then Fley) — ﬁ if (x.y) # (0,0)
Ji.vy =J.€-'x.1= = Jyyx 0 if (x, ¥ )= (0.0)
98. (a) How many nth-order partial derivatives does a function [ (a) Use a computer to graph 1.
of two variables have? (b) Find f:(x, ¥) and f(x, ¥) when (x. ) # (0. 0).
(b) If these partial derivatives are all continuous, how many (c) Find £(0, 0) and £(0, 0) using Equations 2 and 3.
of them can be distinct? (d) Show that £,(0, 0) = —1 and £,(0.0) = 1.
(c) Answer the question in part (a) for a function of three CAS] (e) Does the result of part (d) contradict Clairaut’s Theorem?

variables. Use graphs of fiy and fi to illustrate your answer.



