m Exercises

1-6 Find the length of the curve. 17-20
(a) Find the unit tangent and unit normal vectors T(z) and N(z).

L) =(£3cost.3sinr), —S=t=5 (b) Use Formula 9 to find the curvature.
21 = (2.257), o=r=1 17, ¥(f) = (¢, 3cos £, 3 sin 1)
3 =2titejte'k 0=f=1 18. rlf) = (¢’ sint — tcost,cost + fsint), >0
4 r(f) =costi+sintj +Incostk, 0=rt=z/4 19. rl0) = (V21 e e ?)
Erd=i+j+Pk 0=i=1 20, i) = (1,32 1)
6. rit) =12¢ri + 8 j+ 3’k 0=t=1
21-23 Use Theorem 10 to find the curvature.
7-9 Find the length of the curve correct to four decimal places. 2. x)=rj+1k
(Use vour calculator to approximate the integral ) 2 ) —ti+2j+e'k

Lrit)=(Aeth) o0=st=2 .
rle) = (£ 1. 1), B, r(f) = 3ri + 4sintj + 4costk

Bri={rete’), 1=t=3

9. r(y) = (sint,cost tant), 0=t= /4 24. Find the curvature of r(z) = (>, In ¢, ¢1ln ¢} at the
point (1, 0, 0).
10. Graph the curve with parametric equations x = sin 7, 25, Find the curvature of ) = (z, 2, £*) at the point (1, 1, 1).
¥ = sin 2t, z = sin 3¢ Find the total length of this curve . Graph the curve with parametric equations x = cos t,
correct to four decimal places. y = sint, z = sin 5¢ and find the curvature at the
point (1, 0, 0).
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11. Let C be the curve of intersection of the parabolic cylinder
x? = 2y and the surface 3z = xy. Find the exact length of C

_29 U
from the origin to the point (6. 18. 36). 27-29 Use Formula 11 to find the curvature.

_ ) 21, y=x* 28 y=tanx 29 v = xe*
12. Find, correct to four decimal places, the length of the curve
of intersection of the cylinder 4x* + y? = 4 and the plane
xtytz=2 30-31 At what point does the curve have maximum curvature?
) ] What happens to the curvature as x — =7
13-14 Reparameirize the curve with respect to arc length mea-
30 y=Inx N y=¢"

sured from the point where 7 = 0 in the direction of increasing .

Br=2ti+ 01 —-3j +5+49)k
. 32. Find an equation of a parabola that has curvature 4 at the
1, r(t) = e*cos2ti+ 2 + e¥sin 2tk origin.

33. (a) Is the curvature of the curve C shown in the figure greater

15. Suppose vou start at the point (0, 0, 3) and move 5 units at P or at 97 Explain.

along the curve x = 3 sin?, y = 4¢, z = 3 cos ¢ in the (b) Estim.‘at.e thﬁ_ curvature at P ﬂ-ﬂd at @ by sketching the
positive direction. Where are you now? osculating circles at those points.
16. Reparametrize the curve ¥ e
/N
)
J
S - I
1) =|— —1]i+ j T \
) (r+1 )' 11! | \ j"
T /
with respect to arc length measured from the point (1, 0) in ‘“»-.__g__.- /
the direction of increasing 7. Express the reparametrization in o : >
its simplest form. What can you conclude about the curve? !




[H] 34-35 Use a graphing calculator or computer to graph both the
curve and its curvature function x(x) on the same screen. Is the
graph of « what you would expect?

EN.;L;=x4—2Jc2 B y=x"

36-37 Plot the space curve and its curvature function «(f).
Comment on how the curvature reflects the shape of the curve.

3. r(f) = {t —sinf. 1 —cost. 4cos(#/2)). 0=¢t=8x
el = (e’ V21), S=1=5

38-39 Two graphs, a and &, are shown. One 1s a curve y = f(x)
and the other is the graph of its curvature function v = (x).
Identify each curve and explain your choices.
38. 39.

¥y

| ~— -

40. (a) Graph the curve r(f) = {sin 3¢, sin 2¢, sin 3¢} At how
many points on the curve does it appear that the curva-

40. (a) Graph the curve r(z) = (sin 37, sin 27, sin 3¢). At how
many points on the curve does it appear that the curva-
ture has a local or absolute maximum?

(b) Use a CAS to find and graph the curvature function.
Does this graph confirm your conclusion from part (a)?

41, The graph of r(f) = (f ~ieint 1 —3cost, f) is shown in
Figure 12(b) in Section 13.1. Where do you think the curva-
ture 1s largest? Use a CAS to find and graph the curvature
function. For which values of ¢ 15 the curvature largest?

42, Use Theorem 10 to show that the curvature of a plane para-
metric curve x = f{¢), y = gl 1s

v -]
uh [5+ "

where the dots indicate derivatives with respect to 1.
43-45 Use the formula in Exercise 42 to find the curvature.
43, x = !1, y= #

4. x=acoswf, y=>bsnwt

5. x =o' cost, y=e¢'sint

46. Consider the curvature at x = 0 for each member of the
family of functions f{x) = ™. For which members is x(0)
largest?

47
47

48,
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48 Find the vectors T, N, and B at the given point.
e = {238 (L)

r(f) = (cost, sint. Incost). (1.0.0)

49
of

49

[ s

1 s2.

CAS) 54,

50 Find equations of the normal plane and osculating plane
the curve at the given point.

. x=2sin3t, y=1t z=2cos3; (0, —2)

=17 (L11)

Find equations of the osculating circles of the ellipse

9x? + 4y? = 36 at the points (2, 0) and (0, 3). Use a graph-
ing calculator or computer fo graph the ellipse and both
osculating circles on the same screen.

Find equations of the osculating circles of the parabola
¥ = 1x* at the points (0. 0) and (1, {). Graph both osculating
circles and the parabola on the same screen.

. At what point on the curve x = . y = 3¢, 7 = #* is the
normal plane parallel to the plane 6x + 6y — 8z = 17

Is there a pomnt on the curve in Exercise 53 where the
osculating plane is parallel to the plane x + y + z = 17
[Vote: You will need a CAS for differentiating, for simplify-
ing, and for computing a cross product.]

[Note: You will need a CAS for differentiating, for sumplify-
ing, and for computing a cross product.]

. Find equations of the normal and osculating planes of the

curve of intersection of the parabolic cylinders x = 17 and
z = x? at the point (1, 1, 1).

. Show that the osculating plane at every point on the curve

rit) = (I +2.1-14 %tl) 15 the same plane. What can you
conclude about the curve?

. Show that the curvature « is related to the tangent and

normal vectors by the equation

ar .
d_S‘ K.

. Show that the curvature of a plane curve is k = | dep/ds |.

where ¢ is the angle between T and i; that 1s, ¢ is the angle
of inclination of the tangent line. (This shows that the
definition of curvature 1s consistent with the definition for
plane curves given in Exercise 69 in Section 10.2.)

. (a) Show that dB/ds is perpendicular to B.

(b) Show that dB/ds 1s perpendicular to T.

(c) Deduce from parts (a) and (b) that 4B/ds = — r{s)N for
some number 7(s) called the torsion of the curve. (The
torsion measures the degree of twisting of a curve.)

(d) Show that for a plane curve the torsion is 7(5) = 0.



60, The following formulas, called the Frenet-Serret formulas,

61.

are of fundamental importance in differential geometry:
1. dT/ds = kN
2, dN/ds = —«kT + 7B
3. dB/ds = — 7N

(Formula 1 comes from Exercise 57 and Formula 3 comes
from Exercise 59.) Use the fact that N = B X T to deduce For-
mula 2 from Formulas 1 and 3,

Use the Frenet-Serret formulas to prove each of the following.
(Primes denote derivatives with respect to 7. Start as in the
proof of Theorem 10.)

(a) r" =s5"T + k(s'VN
B r' xr" = k(=" B
@ r" =" — &V IT + Brss" + k'GP IN + wrls'V B

> "
[r" v |

(d) r=

. Show that the circular helix r{f) = {acos ¢, asin ¢, br),

where a and b are positive constants, has constant curvature
and constant torsion. [Use the result of Exercise 61(d).]

63.

65.

Use the formula in Exercise 61(d) to find the torsion of the
curve r(f) = (r, ir{ ir’ :

Find the curvature and torsion of the curve x = sinh 7,

v = cosht, z = 1 at the point (0, 1, 0).

The DNA molecule has the shape of a double helix (see
Figure 3 on page 866). The radius of each helix 1s about

10 angstroms (1 A = 10 ® em). Each helix rises about 34 A
during each complete turn, and there are about 2.9 % 10°
complete turns. Estimate the length of each helix.

. Let’s consider the problem of designing a railroad track to

make a smooth transition between sections of straight track.

Existing track along the negative x-axis 1s to be joined

smoothly to a track along the line y = 1 forx = 1.

(a) Find a polynomial P = P(x) of degree 5 such that the func-
tion F defined by

1] fx=0
Fy)=<(Px) if0o=x<1
1 fx=1

15 continuous and has continuous slope and continuous
curvature,

(b) Use a graphing calculator or computer to draw the graph
of F.



