m Exercises

SECTION11.2 SERIES 735

1. (a) What is the difference between a sequence and a semes?
(b) What is a convergent series? What is a divergent series?

2. Explain what it means to say that 5., 4, = 5.

3-4 Calculate the sum of the series 55, 4, whose partial sums
are given.
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5-8 Calculate the first eight terms of the sequence of partial
sums correct to four decimal places. Does it appear that the sefes
is convergent or divergent?
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i 9-14 Find at least 10 partial sums of the series. Graph both the

sequence of terms and the sequence of partial sums on the same
screen. Does it appear that the series is convergent or divergent?
Ifit 15 convergent. find the sum. If 1t is divergent, explam why:
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(a) Determine whether {a.} is convergent.
{(b) Determine whether 55, 4, 15 convergent.

16. {a) Explain the difference between
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17-26 Determine whether the geometric senies is convergent or
divergent. If it 15 convergent, find its sum.
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27-42 Determine whether the series is convergent or divergent.
If it is convergent, find its sum.
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43-48 Determine whether the series is convergent or divergent

by expressing 5 as a telescoping sum (as m Example 7). If it is
convergent, find its sum.

- 2 - m
43.21”2_1 u.n$1]nﬂ+1
= 3
® 2y

= oS ,|T2 — COS {n+ 1),_
- 1

a7 Y (et — gtfiaen) oY —
o=1 o=2 T — 11




136

CHAPTER 11 INFINITE SEQUENCES AND SERIES

80, Tetxr= 009000 _ .

{2) Do you think that v < l or v = 17

{b) Sum a geometric senies to find the value of x.

(c) How many decimal representations does the number 1
have?

{d) Which mumbers have more than one decimal
representation?

50. A sequence of terms is defined by

a =1 a, =15 — ma,
Calculate 5., ..

51-56 Express the mumber as a rafio of integers.
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0% = 08882 52. (.46 = (.46464646 . .

23516 = 2516516516 . ..
10,133 = 10.135353335 . _.
15342 56 712345

57-63 Find the values of x for which the senes converges. Find
the sum of the senes for those values of x.
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64. We have seen that the harmonic series is a divergent series

whose terms approach 0. Show that
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is another series with this property.

68. If the sth partial sum of a senes 25 .15 5, = 3 — 2 7
find a, and %5-; ..

69. A patient takes 150 mg of a drug at the same time every day.
Just before each tablet is taken, 5% of the drug remains in the
body.

(a) What quantity of the dmg is i the body after the third
tablet? After the nth tablet?
() What quantity of the drug remaims in the body in the long
il

T

0. After mjection of a dose [Jof msulin the concentraton of
imsulin in a patient’s system decays exponentially and so it
can be written as [ ', where f represents time in hours and
415 a positive constant.

{(2) If a dose [71s imjected every I"hours, wiite an expression
for the sum of the residual concentrations just before the
{m + 1)st mjection.

(k) Determine the limiting pre-injection concentration.

{c) If the concentration of msulin nmst always remain at or
dbove a cotical value C, determine a minimal dosage [7
n terms of C. a and T

M. When meney is spent on goods and services, those who
receive the money also spend some of it The people receiv-
ing some of the twice-spent money will spend some of that,
and so on. Economists call this chain reaction the mutipdior
effect. In a hypothetical isolated commumity, the local
government begins the process by spendmg [J dollars. Sup-
pose that each recipient of spent money spends 100¢%: and
saves 1005% of the money that he or she receives. The val-
ues ¢ and 5 are called the manginal propensity fo consume
and the marginal propensity o save and, of course,
c+s5=1
(&) Let 5:be the total spending that has been generated after

n transactions. Find an equation for 5.

(t) Show that lim, ... 5, = &L, where & = 1/s. The mmber
k is called the muftipter. What is the nmiltiplier if the
marginal propensity to consume is 80%:?

Note: The federal govemment uses this proneiple to justify

deficit spending. Banks use this principle to justify lending a

large percentage of the money that they receive in deposits.

72. A certain ball has the property that each time it falls from
2 heaght & onto a hard, level surface, it rebounds to a height

65-66 Use the partial fraction command on your CAS to find
a convenient expression for the partial sum, and then use this
expression to find the sum of the seres. Check your answer by
using the CAS to sum the series directly.
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67. If the nth partial sum of a semes =5, 2,15
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i1, where 0 <2 r =2 1. Suppose that the ball is dropped from

an mitial height of /f meters.

() Assuming that the ball continues to boumes indefinitely,
find the total distance that it travels.

() Calculate the total time that the ball ravels. (Use the
fact that the ball falls 14+* meters in fseconds.)

{c) Suppose that each time the ball strikes the surface
with velocity v it rebounds with velocity —&v, where
0 < k = 1. How long will 1t take for the ball to come
to rest?

73. Find the value of ¢ 1f

Sl+go=2



74. Find the value of ¢ such that

T o = 10
n=0

75. In Example 8 we chowed that the harmonic series is diver-

zent. Here we outline another method, making use of the
fact that & = 1 + xfor any x = 0. (See Exercise 6.2.103.)

If 5, 15 the ath partial sum of the harmomc senes, show that
&% = 1 + 1. Why does this imply that the harmonic senes 1s
divergent?

i 8. Graph the curves p=x" 0= v = Lforn=0,1,2,3,4, . _.

on a common screen. By finding the areas between successive
curves, give a geometric demonstration of the fact. shown in
Example 7, that
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77. The fimure shows two cireles C and 7 of radius 1 that touch

at £ Tis a common tangent line; ) i3 the circle that touches
C, {2 and T (5 15 the circle that touches C, £, and C); O 13
the circle that touches . 2, and . This procedure can be
confimied mdefinitely and produces an mfinite sequence of
circles {,}. Find an expression for the diameter of , and
thus provide anocther geometric demonstration of Example 7.
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78. Aright triangle ABC is given with 2 A = ¢ and | AC| = b

£} 1s drawn perpendicular to AF, [F 13 drawn perpendicular
to AC, FF | AR, and this process is contimued indefinitely,

as shown In the fisure. Find the total length of all the
perpendiculars

|CD| + | DE| + | EF| + | FG| + - -

m terms of & and #.
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79. What is wrong with the following caleulation?

0=0+0+0+---
=1-D+1-1+1-1+--
=1-1+1-1+1-1+:--
=14+(-1+)+{-1+)+(-1+1)+-:-
=1+0+0+0+---=1

{(Guido Ubaldus thought that this proved the existence of God
because “something has been created out of nothing. ™)

B0. Suppose that £5_; 4, (a, # 0) 1s known to be a convergent

series. Prove that 25, 1/a, 1s a divergent senies.

Prove part (1} of Theorem 8.

If ¥ a,1s divergent and ¢ # 0, show that ¥ caq1s divergent.
If = a,1s convergent and = b, 1s divergent, show that

the senies ¥ (40 + bo) 15 divergent. [Hint Argme by
contradiction.]

If = a,and £ by, are both divergent, is = (2, + bo) neces-
sarily divergent?

Suppose that a series £ a4, has positive ferms and its partial
sums s, satisfy the mequality 5 == 1000 for all o Explam why
% a, must be comvergent.

The Fibonacel sequence was defined in Section 11.1 by the
equations

fi=1, =1 GL=hH1+ L2 n=3

Show that each of the following statements 15 true.
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. The Cantor set, named after the German mathematician Georg

Cantor (1845-1918), iz constructed as follows. We start with

the closed interval [0, 1] and remove the open interval (5,3 ).

That leaves the two intervals [0, 1] and [3. 1] and we remove

the open middle thard of each. Four mtervals remam and agam

we remove the open middle third of each of them We contmme
this procedure mdefinitely, at each step removing the open
middle third of every interval that remains from the preceding
step. The Cantor set consists of the mumbers that remain in

[0, 1] after all those intervals have been removed.

{a) Show that the total length of all the intervals that are
removed 15 1. Despite that, the Cantor set contamns mfi-
mtely many mmibers. Give examples of some numbers in
the Cantor set.

(b} The Sierpinski carpet is a two-dimensional counterpart of
the Cantor set. It is constructed by removing the center
cne-ninth of a square of side 1, then removing the centers
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of the eight smaller remaiming squares, and so on. (The fig-
ure shows the first three steps of the constuction) Show
that the sum of the areas of the removed squares 1s 1. This

implies that the Sierpinski carpet has area 0.

88. (a) A sequence {a,} is defined recursively by the equation
Ho= %8s + 3. ) for m= 3, where 3, and a; can be amy
real numbers. Expenment with various valves of 2, and a,
and use your calculator to guess the limit of the sequence.
{b) Find lim, ... 8, In terms of &, and a, by expressing
dar1 — doln terms of 8 — & and summing a seres.

89. Conzider the semes 5., m/(a + 1)1,
(a) Find the partial sums 5, 5. 5. and 5. Do you recogmize the
denominators? Use the pattern to guess a formmila for 5.

(1) Use mathematical mduction to prove your guess.
() Show that the given nfinite series is convergent, and find
its sum.

9. In the figure there are infinitely many circles approaching the
vertices of an equilateral tnangle, each circle touching other
circles and sides of the miangle. If the tmiangle has sides of
length 1, find the total area cccupled by the circles.
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